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Motivation

When travelling to a new place, how do you

choose what to eat? How much should |

invest and how quickly |
should act?

(Active learning) Dual control

Multi-armed bandit: Which slot machine gives
me more money

—»| Environment

action Reward| |State
ayg

Agent <

Administering medicine dosage to
patient
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Brief Bio — Alexander Fel’dbaum

Birth and Education:

* Born on August 16, 1913, in Yekaterinoslav (now Ukraine).

* Graduated from Moscow Power Engineering Institute in 1937.

* Defended his PhD thesis on the theory of controlling devices
in 1943.

* Worked in Peter the Great Military Academy of the Strategic
Missile Forces after 1945.

* Defended his doctoral dissertation on the dynamics of
automatic regulation systems in 1953.

* Passed away in 1969, in Moscow.

Contributions:
* Dual control theory:
* Addressing exploration-exploitation trade-off in systems with
unknown characteristics.
* Foundational in reinforcement learning and adaptive control
methods.
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Outline

(AProblem setup

JOpen loop case
» Derivation of risk
» Derivation of optimum strategy

Closed loop case
» Derivation of risk
» Derivation of optimum strategy

dConclusion
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Problem setup

h* g Z

Design the control process (1) such that it is
* Investigational: Obtain the information on the characteristics of B

e Directional: drive B to a desired state
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Problem setup

h* g Z
x* 2
Criterion?
Design|the control process (1) such that it is
* Investigational: Obtain the information on the characteristics of B Exploration-exploitation

trade off
e Directional: drive B to a desired state
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Problem setup

-

Goal: Find a sequence of probability densities I (ug|us_1, ¥s, Ys—1) that minimizes

R=EW) = 2s=o E(W) = X520
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Problem setup

h* g Z

Goal: Find a sequence of probability densities I (ug|us_1, ¥s, Ys—1) that minimizes

R = ]E@ — Z?:O ]E(VVS) — ?=0 RS

Total loss W = Y W,, W, - partial loss, say for eg. W, = a(s) (x; — x%)? :
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Precisely review the solution for open and
closed loop systems
Goal: Find a sequence of probability densities that minimizes

R=EW) = Xs-o E(W;) = Xs=o RS
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Problem setup

Mathematical tools
h*

g z s Bayes rule
¢ Dynamic programming
— g
> > > —
y
h

Precisely review the solution for open and
closed loop systems

Goal: Find a sequence of probability densities that minimizes

R=EW) = Xg=o E(Ws) = Xs=0 RS
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» Derivation of risk
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» Derivation of risk
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Derivation qf risk

* Theinput: x; = x:(s,1)

* The time moment: s =0,1,---, n; where n is fixed
* The parameter vector 4 = (A4, -, 44)

* The noise h”

—Q
—N

* Priori information:

* Py(1) = P(4),

* h™'s statistical properties, P(hg) is assume to be fixed for s7,
* The way of combing x™ and h”,

* P(yJ|xs), being identical for all s.



Derivation of risk

l
x* H* y > A u > G v X

The controlled object B

—Q

X, = Fy(zg, v5 ), Fy is known,

where z, = z.(s, 1),

The parameter vector u = (U4, ***, Uy ) With Py(u) = P(u),
The noise g

Priori information:
g,'s statistical properties, P(g;) is assume to be fixed for s7,

The way of combing u, and g
P (s |us)
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Derivation of risk

|

X — H* > A > G » B — X

— N

—Q

Goal: Find a sequence of probability densities I';(ug|ys_;) that the

average risk
S=n S=n
R=EW) =) EW,) =) R;
s=0 s=0

IS minimum.
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Derivation of risk

The conditional partial risk:
rs = E(Wglxs)

= VVS(S; X;, xs)P(xslvs)P(vslus) Fs(usly;—l)

Q(xs,v5Us, Vi 1)

- P(Ys—1lx5-1)dQ(xs, vg, Ug, V5_1)

where
P(y;—1|x;—1)=l_[§:f)_1P(Yﬂx;)
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Derivation of risk

The partial risk Ry = fQ(A) r, P(A)dQ(A)

— )P(xS|US)P(VS|uS) [ (us|ys—1)

- *
Q(Xs5,V5Us, Y51

" Ps (xS’ y;—l)dﬂ(xs» Us, Us, y;—l)
where

Ps (s, Vam1) =Jzy Ws (5, %3 (5, 1), x5)P (31 %51 )P () d2
The total risk

R= z R = ZJ P(xs|vs) P (vslus) Ts (us|ys-1)

-Q-(xs»vs»us»yg—l)

" Ps (xs» y;—l)dﬂ(xs» Us, Us, y;—l)

10
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Determination of optimum strategy

The total risk

S=n

R=YR=> | P (s V) P(wshutg) Ty (s 3—1)
s=0 Q(xs5,V5Us,V5—1)
" Ps (xs» y;—l)dﬂ(xs» Vs, Us, y;—l)
* Function I'x(ug|ys_1) only affect R, for fixed s

* Select I such that R is minimum

11
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Determination of optimum strategy

The total risk
Re= | P (x5 |v5)P (s 1ts) T uts |7 1)
Q(Xs5,V5,Us,Y5—1)

" Ps (xs» y;—l)dﬂ(xs» Us, Us, y;—l)

Rszfg(us) [(ys-1)dQ(ys-1),

where
I(y:y) = j gy ) (g, yo 1) d(utg)
Q(ug)
with
o (s 7 y) = f P (e [v) P (wslus)p (s, ¥E 1) AR ke, )

O (xsS,Vs)

12
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Determination of optimum strategy

I(yiy) = jﬂ( Tl 16 35-1)d00) = B = (Emin

Then ug is selected when & (ug, ¥s_1)= ($s) min -

13
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Outline

(JProblem setup

JOpen loop case
» Derivation of risk
» Derivation of optimum strategy

Closed loop case
» Derivation of risk
» Derivation of optimum strategy

dConclusion
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Derivation of the risk

Z
y
ih

Goal: Find a sequence of probability densities I (ug|xs, Ys_1, Ug_1) that

the average risk
S=n S=n
R=EW) =) EW,) =) R;
s=0 s=0

IS minimum.

14
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Derivation of risk

The conditional partial risk:

s = IE[VVslx;;)’S—l:us—l]
— Q(Xg,Vs,Us) VVS(S’ X;, xS) PS(xslvs)P(vs|us)rs(us|x;; Vs—1,Us—1 )dQ(XS, vS,us)

The partial risk:

Ry = E[rg]

- Q(Xs,Vs,Us,Ys—1) VVS(S' X;, xS) PS (xS |US)P(US |uS)FS (uS |X;, Vs—1,Us—1 )

) P(us—llys—l) d-Q(xs: Vs, us:ys—l)

15
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Derivation of risk

Let’s look at the partial risk more carefully

Ry = Ws (s, x5, x5) Ps(xs|vg) P (0s|us)Ts (us|xg, Y51, Us—1 )

jQ(XSrVSruSIYS—l)
- P(ug_1,¥5-1) dQ(xs, Vg, Ug, Ys—1)
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Derivation of risk

Let’s look at the partial risk more carefully

Ry = Ws (s, x5, x5) Ps(xg|vg) P (05| us) T (us|xg, Y51, Us—1 )

j Q(Xs,VsUs,Ys5—1)
- P(ug_1,¥5-1) dQ(xs, Vs, Ug, Ys—1)
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Derivation of risk

Let’s look at the partial risk more carefully

Ws(s, x5, xs) [j Ps (s [vg) P(vg|ugs) dQ(vg) | Ts(us|xs, ¥s—1, Us—1 )
Q(vs)

) P(us—l» ys—l) dﬂ(xs»us: y$—1)

R, = f
Q(Xs,Us,Y5-1)

16
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Derivation of risk

Let’s look at the partial risk more carefully

Ws (s, xs, x5) [j Ps (xs|vs) P (vg|us) dQ(vs)] [ (uglxs, Y51, Us—1 )
Q(vs)

) P(us—l» ys—l) dﬂ(xs»us: y$—1)

R, = f
Q(Xs,Us,Y5-1)

f Py G lvs) P (v i) da<v5>=f PCxslm us) Py(0) dO()
QO (vs) Q(u)

16
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Derivation of risk

Let’s look at the partial risk more carefully

Ws(s, x5, xs) [f Ps (xs|vs) P (vs|us) dﬂ(vs)] [ (us|xs, ¥s—1, Us—1)
Q(vs)

) P(us—lr ys—l) dﬂ(xs»us: y$—1)

R, = f
Q(Xs,Us,Y5-1)

f Py G lvs) P (v i) d9<v5>=f PCxsli us) Py(u) dO(u)
QO (vs) Q(u)

Now the partial risk becomes

RS = J VVS(S' X;,XS) P(xslﬂi us)Ps(”)Fs(uslx:—lius—l» YS—l) P(us—l»ys—l) dﬂ(xs: i, Ug, ys—l)
-Q(xs;ﬂ;us;ys—l)

16
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Derivation of risk

Let’s look at the partial risk more carefully

Ws (s, xs, x5) [j Ps (xs|vs) P (vg|us) dQ(vs)] [ (uglxs, Y51, Us—1 )
Q(vs)

) P(us—l» ys—l) dﬂ(xs»us: y$—1)

R, = f
Q(Xs,Us,Y5-1)

f Py G lvs) P (v i) da<v3>=f PCxsli us) Py(u) dO(u)
QO (vs) Q(u)

Now the partial risk becomes

RS = J VVS(S' X;,XS) P(xslﬂi us)Ps(ﬂ)Fs(uslx:‘—l'us—l» YS—l) P(us—l»ys—l) dQ(xs: i, Ug, ys—l)
-Q(xs;ﬂ;us;ys—l)

Posterior update of u 6
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Derivation of risk

R

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

j‘Q(xS'u'uS'YS—l)

VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslxz—l»us—lx YS—l) P(u5_1, ys—l) d-Q(xs: H U, ys—l)

Prior

— @@P(us—lj Ys—1 |”)

P(us—1,Y5-1)

17
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Derivation of risk

R

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

j‘Q(xS'u'uS'YS—l)

VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx:—l»us—lx YS—l) P(u5_1, ys—l) d-Q(xs: H U, ys—l)

PP(Us_1,Ys—1|H)
P(us—1,Ys-1)

17
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Derivation of risk

Rs — j VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—lx YS—l) P(u5_1, ys—l) d-Q(xs: nus, ys—l)
Q(xSJ”JuS'YS—l)

PP(Us_1,Ys—1|H)
P(us—1,Ys-1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—l)ys—ll.u) — P(us—l'ys—llnu' us_z;yS_z)P(uS_z,yS_z|H,u5_3;y5_3)
W PQuy, yil o, Yicq) - P(Uo, Yol

17
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Derivation of risk

Rs — j VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—lx YS—l) P(u5_1, ys—l) d-Q(xs: nus, ys—l)
Q(xSJ”JuS'YS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—l)ys—ll.u) — P(us—l'ys—llnu' us_z;yS_z)P(uS_z,yS_z|H,u5_3;y5_3)
v PQuy, yil oy, yiceq) o P(Uo, Yol

17
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Derivation of risk
Rs — j VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—l:Ys—l) P(us—lxys—l) d-Q(xs: U, us:ys—l)
Q(xSJ”JuS'YS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—l)ys—ll.u) — P(us—l'ys—llnu' us_z;yS_z)P(uS_z,yS_z|H,u5_3;y5_3)
v PQuy, yil oy, yiceq) o P(Uo, Yol

PQuy, yilwui—q,vi—1) = Prilp g, ui—q, ¥i— 1) P(ui s, wi—q, vioq)

17
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Derivation of risk
Rs — j VI/:';(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—l:Ys—l) P(us—lxys—l) d-Q(xs» U, us:ys—l)
Q(xSJ”JuS'yS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—lrys—llli) = P(”s—l»)’s—llﬂ» uS—ZIyS—Z)P(uS—ZIyS—Z|l’lluS—31yS—3)
W PQuy, yil o, Yicq) - P(Uo, Yol

PQuy, yilwui—q,vi—1) = Prilp wg, uimq, i) P(ui i, wi—q, vioq)
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Derivation of risk
Rs — j VI/:';(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—l:Ys—l) P(us—lx)'s—l) d-Q(xs» i, us:ys—l)
Q(xs:ﬂ:us'YS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—lrys—ll.u) = P(”s—lr)’s—ll.ur us—ZrYs—Z)P(us—ZJYS—Z|/1:us—3:3’s—3)
W PQuy, yil o, Yicq) - P(Uo, Yol

PQuy, yilwui—q,vi—1) = Prilp g, ui—q, ¥i— 1) P(ui s, wi—q, vioq)
— P(yll.ul i, ui)P(uil.ul Ui—1, yi—l)
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Derivation of risk
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Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—lrys—llli) = P(”s—l»)’s—llﬂ» uS—ZIyS—Z)P(uS—ZIyS—Z|l’lluS—31yS—3)
W PQuy, yil o, Yicq) - P(Uo, Yol

PQuy, yilwui—q,vi—1) = Prilp g, ui—q, ¥i— 1) P(ui s, wi—q, vioq)
— P(yll.ul i, ui)P(uil,u, Ui—1, yi—l)
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Derivation of risk
Rs — j VI/:?(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslxz—l»us—l:Ys—l) P(us—lxys—l) d-Q(xs: U, us:ys—l)
'Q(xSJ”JuS'YS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us—lwys—ll.u) — P(us—l'ys—llnu' us_z,ys_z)P(uS_z,yS_z|,Ll,u5_3,ys_3)
W PQuy, yil o, Yicq) - P(Uo, Yol

PQuy, yilwui—q,vi—1) = Prilp g, ui—q, ¥i— 1) P(ui s, wi—q, vioq)

= P(yilw i, ui)}\)(ui |, w1, %—13
|

[ (uilui—q, ¥ie1) 17
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Derivation of risk

R; = j VI/:';(S: Xs,Xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—lx YS—l) P(u5_1, )’5—1) dQ(xs, @, ug, ys—l)
Q(xs:ﬂ:us'YS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

P(us_1,y5-1ln) = [H?;(}P(yilu, L, Ui)][l_[?:% [; (ui|ui—1rYi—1)]Po(u0)

18
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Derivation of risk

Rs — j VI/:';(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—lx YS—l) P(us—lx ys—l) d-Q(xs» H U, ys—l)
Q(xSJ”JuS'yS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

P(us_1, ¥s-111) = [T1EZ2 POl b u) | [TEZE T utgluti s, vie1)]Pouto)

= [y (given)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

18
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Derivation of risk
Rs — j VI/:';(S: x;:xs) P(xslﬂ: us)Ps(ﬂ)Fs(uslx;—l»us—l:Ys—l) P(us—lxys—l) d-Q(xs» U, us:ys—l)
Q(xSJ”JuS'yS—l)

P(P(Us_1,Ys—1|1)
P(us—1,ys—1)

P(us_1, ¥s-111) = [T1EZ2 POl b u) | [TEZE T utgluti s, vie1)]Pouto)

= [y (given)

Bayes rule: Ps(u) = P(plus_1,¥s-1) =

Rs = fﬂ(xs,u,us,ys-ﬂ We(s, x5, %5) P(xslpt, ug)P (1) TT320 Pilps, 6 u) TIE= 0 T (w1, yim1) dQ(xs, b s, ¥5—1)

18



EEEEEEEEE

Derivation of risk

RS = fﬂ(xs:ﬂlus:J’s—ﬂ VVS(Sr x;» xs) P(xS|tu' us)P(.u) Hf;(} P(yi |:u; L, ui) Hl$=1 I‘i (uilui—lr yi—l) dﬂ('xsr i, Us, ys—l)

Total risk is then obtained as

R =300 for gy e, 25, 63 POt us)PGo) TIEZ3 POl i) Tl Ty iy, i) A9, 5, Y1)

= [ influences the term R;, fori > s
i o+1 R; represents the investigation risk

= [ causes either a worse or better investigation of the characteristics of B

" In open loop, T influences just R, - Risk associated here is just action/directional

19
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Determination of Optimum Strategy

Use of Dynamic programming to find the optimal sequence of probability
densities I'g(uq|xg, Yo_1, Ug_1).

We start at k=n and then do backward iteration k=n-1,...

20
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Determination of Optimum Strategy

Use of Dynamic programming to find the optimal sequence of probability
densities I'g(uq|xg, Yo_1, Ug_1).

We start at k=n and then do backward iteration k=n-1,...

Recall

n-—1 n-—1
Ry = Wi, %3 %) PCcalundPGo) | | POl i) | | T T a2, ynen)
l= 1=

f‘Q (xn;ﬂrunJYn—l)

20
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Determination of Optimum Strategy

Use of Dynamic programming to find the optimal sequence of probability
densities I'g(uq|xg, Yo_1, Ug_1).

We start at k=n and then do backward iteration k=n-1,...

Recall

Q (xn;ﬂ:un:)’n—l)

ldea: Assume I, ..., I},_1 are given, find [}, such that S,, == R,, is minimum and
it satisfies fﬂ(un) L, (W, Uy 1, Yno1)dQ(u,) = 1

n-—1 n-—1
Wi, %3 %) PCcalundPGo) | | POl i) | | T T a2, ynen)
l= 1=

20



LS
#KTH ¥
9&Q.:H Kt:nng‘%g

Determination of Optimum Strategy

Use of Dynamic programming to find the optimal sequence of probability
densities I'g(uq|xg, Yo_1, Ug_1).

We start at k=n and then do backward iteration k=n-1,...

Recall

n-—1 n-—1
Ra= | W, 2 Pl )P | | Porliiud [ | 1 Ty a0 it yaon)
Q(XnMUn,Yn—1) t=0 1=0

un» un—l» yn—l

ldea: Assume I, ..., I},_1 are given, find [}, such that S,, == R,, is minimum and
it satisfies fﬂ(un) L, (W, Uy 1, Yno1)dQ(u,) = 1

20
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Determination of Optimum Strategy

R, = an(un»un—ltyn—l) Brn-1 IndQ(uy, Yn—l)

fﬂ(un:un— 1,Yn- 1)

where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
=

Q(xn,u,)
k
B = 1_[ I;
1=0

Further, R,, = fn(un_l,yn_l)ﬁ"—lkn(u"‘l’yn‘l) dQ(Up—1,Yn-1)

where Kn(Up-1,Yn-1) = fﬂ(un) (U Un—1, Y1) T (U, U1, Y1) dQ(up)

21
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Determination of Optimum Strategy

R, = an(un»un—ltyn—l) Brn-1 IndQ(uy, Yn—l)

fﬂ(un:un— 1,Yn- 1)

where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
=

Q(xn.1)
k

B = , I;
=0
minimize

Fu rther, = fQ(“n—l:J’n—l) Br—1kn(Up—1,Yn-1) dQ(Up_1,Yn—1)

where Kn(Up-1,Yn-1) = fﬂ(un) (U Un—1, Y1) T (U, U1, Y1) dQ(up)

21



EEEEEEEEE

Determination of Optimum Strategy

R, = an(un»un—ltyn—l) Brn-1 IndQ(uy, yn—l)

fﬂ(un:un— 1,Yn—1)

where
n-—1

U, ) = | Walnxi ) PGl )P [ | POl i) e,
1=

Q(xn,u,)
k

B = , I;
=0

minimize minimize

Further’ - fﬂ(un—lr.')’n—ﬂ ﬁn_lg(un_l’ yn_l)

where Kn(Up-1,Yn-1) = fﬂ(un) (U Un—1, Y1) T (U, U1, Y1) dQ(up)

21



EEEEEEEEE

Determination of Optimum Strategy

R, = an(un»un—ltyn—l) Brn-1 IndQ(uy, yn—l)

fﬂ(un:un— 1.Yn-1)
where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
=

Q(xn.1)
k
B = , I;
1=0
minimize known minimize

where Kn(Up-1,Yn-1) = fﬂ(un) (U Un—1, Y1) T (U, U1, Y1) dQ(up)

21



EEEEEEEEE

Determination of Optimum Strategy

R, = an(un»un—llyn—l) Brn-1 IndQ(uy, yn—l)

fﬂ(un:un— 1.Yn-1)
where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
=

Q(xn.1)
k
B = , I;
1=0
minimize known minimize

where| K, (Up-1,Yn-1) = fﬂ(un) (U Un—1, Y1) T (U, U1, Y1) dQ(up)

21



EEEEEEEEE

Determination of Optimum Strategy

R, =

where

an(un' Up_1, yn—l) — j

f an(un'un—lfyn—l) ,Bn—l FndQ(un' yn—l)
Q(unp,un—1,Yn-1)

Q(xn.1)
k
B = , I;
1=0
minimize known minimize

/\

n-—1
Wi, %5 %) PCealiun)PGe) | | POl ) d2Cen, )
1=

where

Kn(Un-1,Yn-1) = fg(un) Oy (Un, Un—1, Yn—1wn—w9(u")

Prob;bility_density

21



& %
#KTH
§ verenscap
q,ﬂ OCH KONS
Ko 52
@

Determination of Optimum Strategy

R, = an(un: un—lryn—l) Brn-1 Fndﬂ(unr yn—l)

JQ(un;un— 1,Yn— 1)
where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
1=

Q(xn,1)
k
Br = Y : :
i=0 Optimal solution
U, =arg min _a,(U,, Uy_1, Vn_
minimize known minimize n 8uneﬂ(un) n(Un, Un—1, Yn-1)
Further,= fﬂ(un_ljyn_l)Q(un—1;yn—1)

/\

where| i, (Up—1, Yn-1) = fQ(un) an(un»un—b:Vn—lW_l'yn)Q(un)

Prob;bility_density

21



EEEEEEEEE

Determination of Optimum Strategy

R, = an(un: un—lryn—l) Brn-1 Fndﬂ(unr yn—l)

JQ(un;un— 1,Yn- 1)

where

n-—1
U, ) = | Walnxi ) PGl )P [ | POl i) e,
1=

Q(xn,u,)

k
Br = 1_[ [ , :
i=0 Optimal solution

* - .
Uup =arg  min a,(Uy, Up—1,Yn-1)
Un EQ(Up)

Further, R,, = fﬂ(un-pyn-l)’B"_lkn(un_l'y"_l) dQ(Un-1,Yn-1)

where i, (Up—1,Yn-1) = fQ(un) O (Un, Un—1, Y1) Tn (Uny Un—1, Yn—1) dQ(uy)

Fn(unr Un_1, yn—l) = 5(un — u;kl)

21



Determination of Optimum Strategy

k=n-2

j (049 ﬁn—lrndﬂ(unr yn—l)
Q(upun—1,Yn-1)

Sn-1 = Ry—1 + Ry

J Op-—1 ﬁn—zrn—ldﬂ(un—lx )’n—z)
QUp-1,Un—2,Yn-2)

22



Determination of Optimum Strategy

Prn-1= Pn-2Tn_1

k=n-2
j (049 ndﬂ(unr yn—l)
Q(upun—1,Yn-1)

Sn-1 = Ry—1 + Ry

J Op-—1 ﬁn—zrn—ldﬂ(un—lx )’n—z)
QUp-1,Un—2,Yn-2)

22



Determination of Optimum Strategy

Prn-1= Pn-2Tn_1

an Q(unr yn—l)

k=n-2

jﬂ(u;vun—l»}’n—l)
Sn—l = Rn—l + Rn Fn — 5(““71 T u;’kl)

J Opn-1 ﬁn—zrn—ldﬂ(un—llyn—z)
Q(up—1,Un—2,Yn-2)

22



EEEEEEEEE

Determination of Optimum Strategy

k=n-2

Prn-1 = Pn-2Tn-1

j A Pn— Q(un: yn—l)
Q(u;vun—_l»J’n—ﬂ

Sn—l = Rn—l + Rn Fn — 5(““71 — Unp
= Fn—1 an(Un, Un-1, Yn-1) dQ(Up—1,Yn-1)

’[Q(un—l'un—zﬁ)’n—z)

Qup-1,Yn-1) "

Op-—1 Bn—z Fn—ldQ(un—lr }’n—z)

22




EEEEEEEEE

Determination of Optimum Strategy

Prn-1 = Pn-2Tn-1

j A Pn— Q(un: yn—l)
Q(u;vun—_l»J’n—ﬂ

k=n-2

Sn—l = Rn—l + Rn Fn — 5(un — Unp
= Fn—1 an(Un, Un-1, Yn-1) dQ(Up—1,Yn-1)

Qup-1,Yn-1) "

f Op-—1 ﬁn—zrn—ldﬂ(un—lr }’n—z)
QUp-1,Un—2,Yn-2)

J Fhoqan-1 dQup_q) +
Q(un-1)

Pr-2 3

Jﬂ(un—z;yn—z) J Fn—l C(n (u;, un_]_; yn_l)dﬂ(un—ly yn—l)
\/Q(un-1,Yn-1) J




EEEEEEEEE

Determination of Optimum Strategy

Prn-1 = Pn-2Tn-1

k=n-2
j A Pn— Q(un: yn—l)
Q(u;vun—_l»J’n—ﬂ
@:: R,_1+R, g I, =0(u, —u,
minimize = QUn—1,Yn-1) [h-1 an(u:u Up—1, yn—l) dQ(un—li yn—l)

j Op-—1 ﬁn—zrn—ldﬂ(un—lr }’n—z)
QUp-1,Un—2,Yn-2)

J Fhoqan-1 dQup_q) +
Q(un-1)

Pr-2 3

Jﬂ(un—z;yn—z) J Fn—l C(n (u;, un_]_; yn_l)dﬂ(un—ly yn—l)
\/Q(un-1,Yn-1) J




EEEEEEEEE

Determination of Optimum Strategy

k=n-2

()

minimize

= Rp—1 + Ry g

’[Q(un—l'un—zr.')’n—z)

Prn-1 = Pn-2Tn-1

j A Pn— Q(unr yn—l)
Q(u;vun—_l»J’n—ﬂ

I, = 5(un — Up

Q(up—1,yn-

1) l_‘n—l an(u:u Un—1, yn—l) dQ(un—li yn—l)

fixed

JQ(un—z;yn—z

\‘[Q(un—l»}’n—l)

Op-—1 Bn—z Fn—ld-Q(un—lr }’n—z)

J Fhoqan-1 dQup_q) +
Q(un-1)

Tno1 o (Up, Up—1, Yn-1)dQ(Up—1, Yn-1)

J

22




EEEEEEEEE

Determination of Optimum Strategy

k=n-2

()

minimize

= Rp—1 + Ry <

Jﬂ(un—l'un—z:ﬁ)’n—z)

Prn-1= Pn-2Tn_1

j A Pn— Q(unr yn—l)
Q(u;vun—_l»}’n—l)

I, = 5(un — Up

Q(up—1,yn-

1) Fn—l an(u:u Un—1, Yn—l) dQ(un—li yn—l)

fixed

JQ(un—z;yn—z

\

k‘fﬂ(un—l»}’n—l)

Opn-1 ﬁn—z Fn—ldQ(un—ll yn—z)

J Fhoqan-1 dQup_q) +
Q(un-1)

Tno1 o (Up, Up—1, Yn-1)dQ(Up—1, Yn-1)

J

|
minimize

22




EEEEEEEEE

Determination of Optimum Strategy

k=n-2

=R, _,+R
T |
| P A dﬂ(un—l) +
Q(up-1)

minimize
Brn—2 3

'[-Q(un—z’}’n—Z) Fn—l C(n (u;;, un_l; yn_l)dﬂ(un—]_) y‘n—l)

L'[Q(un—lr}’n—l) y,

fixed probability density
= f @Fn—l(un—l»un—z:yn—z)
QUn—2,Yn-2)

' {an—l + f a(un, Un_1,Yn-1) dQ()’n—l)} dQ(up-1)
Q(yn-1)

\ J
|

‘= VYn-1 minimize



EEEEEEEEE

Determination of Optimum Strategy

k=n-2

@:: Rn—l + Rn
( )
j Fho1n_1 dQup_q) +
Q(un-1)

minimize
= ,Bn—z 1

fﬂ(“n—z:)’n—Z) Fn—l an (u—;;, un_l, yn_l)dﬂ(un—lr y’n—l)

\jﬂ(un—l:J’n—ﬂ

fixed probability density
= j @Fn—l(un—lrun—ziyn—z)
Q(un—2,Yyn-2)

- : | {an—l + J a(u;kv Un—1, yn—l) d-Q(yn—l)} dﬂ(un—l)
Optimal solution: Q(yn—-1)

Up,_q,=arg min Vv, 4 ‘ Y '

Un-1eQ(up—1)
L1 (U1 Un—2, Yn2) = 6(Up—1 — Up_q) = Vn-1 minimize




EEEEEEEEE

Determination of Optimum Strategy
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k=n-—1i
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Up—; = aI'g mlnun_ie Q(Un-i) Vn—i(un—ir Up—i-1) yn—i—l)

i = 6(up—; — u:l—i)

Again, the optimum strategy
proves to be not random
but a regular one
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Conclusion

We reviewed Feldbaum’s dual control theory (part | and part Il) seminal paper

How exploration-exploitation dilemma was addressed via careful formulation
of risk, followed by the optimum strategy

In open loop case, we saw that the optimum strategy is regular, directional

In closed loop case, the optimum strategy is still regular but both
investigational and directional
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