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Why is it relevant now?

Active learning

Feldbaum in 1960s
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Brief Bio – Alexander Fel’dbaum
Birth and Education:

• Born on August 16, 1913, in Yekaterinoslav (now Ukraine).
• Graduated from Moscow Power Engineering Institute in 1937.
• Defended his PhD thesis on the theory of controlling devices 

in 1943.
• Worked in Peter the Great Military Academy of the Strategic 

Missile Forces after 1945.
• Defended his doctoral dissertation on the dynamics of 

automatic regulation systems in 1953.
• Passed away in 1969, in Moscow.

Contributions:
• Dual control theory:
• Addressing exploration-exploitation trade-off in systems with 

unknown characteristics.
• Foundational in reinforcement learning and adaptive control 

methods.
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Outline

Problem setup 
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Derivation of risk
Derivation of optimum strategy 
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Derivation of risk
Derivation of optimum strategy 
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Problem setup

Design the control process (𝑢𝑢𝑠𝑠) such that it is

• Investigational: Obtain the information on the characteristics of B

• Directional:  drive B to a desired state 

𝐻𝐻∗ 𝐴𝐴 𝐺𝐺 𝐵𝐵

𝐻𝐻

𝑥𝑥∗

ℎ∗ 𝑔𝑔 𝑧𝑧

𝑥𝑥𝑦𝑦∗ 𝑢𝑢 𝑣𝑣

𝑦𝑦

ℎ
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Exploration-exploitation 
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Problem setup

𝐻𝐻∗ 𝐴𝐴 𝐺𝐺 𝐵𝐵

𝐻𝐻

𝑥𝑥∗

ℎ∗ 𝑔𝑔 𝑧𝑧

𝑥𝑥𝑦𝑦∗ 𝑢𝑢 𝑣𝑣

𝑦𝑦

ℎ

Goal: Find a sequence of probability densities Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝒖𝒖𝑠𝑠−1,𝒚𝒚𝑠𝑠∗,𝒚𝒚𝑠𝑠−1) that minimizes 

𝑅𝑅 = 𝔼𝔼 𝑊𝑊 = ∑𝑠𝑠=0𝑠𝑠=𝑛𝑛 𝔼𝔼 𝑊𝑊𝑠𝑠 = ∑𝑠𝑠=0𝑠𝑠=𝑛𝑛 𝑅𝑅𝑠𝑠
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closed loop systems

 Bayes rule
 Dynamic programming 

Mathematical tools
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𝐻𝐻∗ 𝐴𝐴 𝐺𝐺 𝐵𝐵

ℎ∗ 𝑔𝑔 𝑧𝑧

𝑥𝑥∗ 𝑦𝑦∗ 𝑢𝑢 𝑣𝑣
𝑥𝑥

Derivation of risk

• The input: 𝑥𝑥𝑠𝑠∗ = 𝑥𝑥𝑠𝑠∗ 𝑠𝑠, 𝜆𝜆
• The time moment: 𝑠𝑠 = 0,1,⋯ ,𝑛𝑛; where 𝑛𝑛 is fixed
• The parameter vector 𝜆𝜆 = (𝜆𝜆1,⋯ , 𝜆𝜆𝑞𝑞)
• The noise ℎ∗

• Priori information:
• 𝑃𝑃0 𝜆𝜆 = 𝑃𝑃 𝜆𝜆 ,
• ℎ∗’s statistical properties, 𝑃𝑃(ℎ𝑠𝑠∗) is assume to be fixed for 𝑠𝑠∗,
• The way of combing 𝑥𝑥∗ and ℎ∗,
• 𝑃𝑃 𝑦𝑦𝑠𝑠∗ 𝑥𝑥𝑠𝑠∗ , being identical for all 𝑠𝑠.
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𝐻𝐻∗ 𝐴𝐴 𝐺𝐺 𝐵𝐵

ℎ∗ 𝑔𝑔 𝑧𝑧
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Derivation of risk

7

The controlled object 𝐵𝐵
x𝑠𝑠 = 𝐹𝐹0 𝑧𝑧𝑠𝑠, 𝑣𝑣𝑠𝑠 , 𝐹𝐹0 is known,
where 𝑧𝑧𝑠𝑠 = 𝑧𝑧𝑠𝑠 𝑠𝑠, 𝜇𝜇 ,
The parameter vector 𝜇𝜇 = (𝜇𝜇1,⋯ , 𝜇𝜇𝑚𝑚) with 𝑃𝑃0 𝜇𝜇 = 𝑃𝑃 𝜇𝜇 ,
The noise 𝑔𝑔

Priori information:
𝑔𝑔𝑠𝑠’s statistical properties, 𝑃𝑃(𝑔𝑔𝑠𝑠) is assume to be fixed for 𝑠𝑠∗,
The way of combing 𝑢𝑢𝑠𝑠 and 𝑔𝑔𝑠𝑠
𝑃𝑃 𝑣𝑣𝑠𝑠∗ 𝑢𝑢𝑠𝑠∗



𝐻𝐻∗ 𝐴𝐴 𝐺𝐺 𝐵𝐵

ℎ∗ 𝑔𝑔 𝑧𝑧

𝑥𝑥∗
𝑦𝑦∗ 𝑢𝑢 𝑣𝑣

𝑥𝑥

Goal: Find a sequence of probability densities Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ ) that the 
average risk

𝑅𝑅 = 𝔼𝔼 𝑊𝑊 = �
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

𝔼𝔼 𝑊𝑊𝑠𝑠 =�
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

𝑅𝑅𝑠𝑠 ;

is minimum.

Derivation of risk
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The conditional partial risk:

𝑟𝑟𝑠𝑠 = 𝔼𝔼 𝑊𝑊𝑠𝑠 𝑥𝑥𝑠𝑠∗

= ∫Ω 𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ 𝑊𝑊𝑠𝑠 𝑠𝑠, 𝑥𝑥𝑠𝑠∗, 𝑥𝑥𝑠𝑠 𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠 𝑢𝑢𝑠𝑠 𝑦𝑦𝑠𝑠−1∗

⋅ 𝑃𝑃 𝑦𝑦𝑠𝑠−1∗ 𝑥𝑥𝑠𝑠−1∗ 𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

where
𝑃𝑃 𝑦𝑦𝑠𝑠−1∗ 𝑥𝑥𝑠𝑠−1∗ =∏𝑖𝑖=0

𝑖𝑖=𝑠𝑠−1 𝑃𝑃 𝑦𝑦𝑖𝑖∗ 𝑥𝑥𝑖𝑖∗

Derivation of risk
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The partial risk 𝑅𝑅𝑠𝑠 = ∫Ω(𝜆𝜆) 𝑟𝑟𝑠𝑠 𝑃𝑃 𝜆𝜆 𝑑𝑑Ω(𝜆𝜆)
= ∫Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ )

⋅ 𝜌𝜌𝑠𝑠(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )
where
𝜌𝜌𝑠𝑠(𝑥𝑥𝑠𝑠 ,𝑦𝑦𝑠𝑠−1∗ ) =∫Ω(𝜆𝜆)𝑊𝑊𝑠𝑠 𝑠𝑠, 𝑥𝑥𝑠𝑠∗(𝑠𝑠, 𝜆𝜆), 𝑥𝑥𝑠𝑠 𝑃𝑃 𝑦𝑦𝑠𝑠−1∗ 𝑥𝑥𝑠𝑠−1∗ 𝑃𝑃(𝜆𝜆)𝑑𝑑𝜆𝜆

The total risk

𝑅𝑅 = �𝑅𝑅𝑠𝑠 = �
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

�
Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ )

⋅ 𝜌𝜌𝑠𝑠(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

Derivation of risk

10



The total risk

𝑅𝑅 = �𝑅𝑅𝑠𝑠 = �
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

�
Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ )

⋅ 𝜌𝜌𝑠𝑠(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

• Function Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ ) only affect 𝑅𝑅𝑠𝑠 for fixed 𝑠𝑠

• Select Γ𝑠𝑠 such that 𝑅𝑅𝑠𝑠 is minimum

Determination of optimum strategy
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The total risk

𝑅𝑅𝑠𝑠 = �
Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑦𝑦𝑠𝑠−1∗ )

⋅ 𝜌𝜌𝑠𝑠(𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ )

𝑅𝑅𝑠𝑠=∫Ω(𝑢𝑢𝑠𝑠) 𝐼𝐼 𝑦𝑦𝑠𝑠−1
∗ 𝑑𝑑Ω(𝑦𝑦𝑠𝑠−1∗ ),

where 

𝐼𝐼 𝑦𝑦𝑠𝑠−1∗ = �
Ω(𝑢𝑢𝑠𝑠)

Γ𝑠𝑠 𝑢𝑢𝑠𝑠 𝑦𝑦𝑠𝑠−1∗ 𝜉𝜉𝑠𝑠 𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ 𝑑𝑑Ω(𝑢𝑢𝑠𝑠)

with 

𝜉𝜉𝑠𝑠 𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ = �
Ω(𝑥𝑥𝑠𝑠𝑠𝑠,𝑣𝑣𝑠𝑠)

𝑃𝑃 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 𝜌𝜌 𝑥𝑥𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ 𝑑𝑑Ω(𝑥𝑥𝑠𝑠, 𝑣𝑣𝑠𝑠)

Determination of optimum strategy
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𝐼𝐼 𝑦𝑦𝑠𝑠−1∗ = �
Ω(𝑢𝑢𝑠𝑠)

Γ𝑠𝑠 𝑢𝑢𝑠𝑠 𝑦𝑦𝑠𝑠−1∗ 𝜉𝜉𝑠𝑠 𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1∗ 𝑑𝑑Ω(𝑢𝑢𝑠𝑠) = 𝔼𝔼(𝜉𝜉𝑠𝑠) ≥ (𝜉𝜉𝑠𝑠)min

Then 𝑢𝑢𝑠𝑠∗ is selected when 𝜉𝜉𝑠𝑠 𝑢𝑢𝑠𝑠∗,𝑦𝑦𝑠𝑠−1∗ = (𝜉𝜉𝑠𝑠)min .

Determination of optimum strategy

13



Outline

Problem setup 

Open loop case
Derivation of risk
Derivation of optimum strategy 

Closed loop case
Derivation of risk
Derivation of optimum strategy 

Conclusion



Derivation of the risk

𝐴𝐴 𝐺𝐺 𝐵𝐵

𝐻𝐻

𝑔𝑔 𝑧𝑧

𝑥𝑥𝑥𝑥∗ 𝑢𝑢 𝑣𝑣
𝑦𝑦

ℎ

Goal: Find a sequence of probability densities Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑥𝑥𝑠𝑠∗,𝒚𝒚𝑠𝑠−1,𝒖𝒖𝑠𝑠−1) that 
the average risk

𝑅𝑅 = 𝔼𝔼 𝑊𝑊 = �
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

𝔼𝔼 𝑊𝑊𝑠𝑠 =�
𝑠𝑠=0

𝑠𝑠=𝑛𝑛

𝑅𝑅𝑠𝑠 ;

is minimum.
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The conditional partial risk:

𝑟𝑟𝑠𝑠 = 𝔼𝔼 𝑊𝑊𝑠𝑠 𝑥𝑥𝑠𝑠∗,𝒚𝒚𝑠𝑠−1,𝒖𝒖𝑠𝑠−1
= ∫Ω(xs,v𝑠𝑠,𝑢𝑢𝑠𝑠)𝑊𝑊𝑠𝑠(𝑠𝑠, 𝑥𝑥𝑠𝑠∗, 𝑥𝑥𝑠𝑠)𝑃𝑃𝑠𝑠 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠 𝑢𝑢𝑠𝑠 𝑥𝑥𝑠𝑠∗,𝑦𝑦𝑠𝑠−1,𝑢𝑢𝑠𝑠−1 𝑑𝑑Ω(𝑥𝑥𝑠𝑠,𝑣𝑣𝑠𝑠,𝑢𝑢𝑠𝑠)

Derivation of risk

The partial risk:

𝑅𝑅𝑠𝑠 = 𝔼𝔼[𝑟𝑟𝑠𝑠]
= ∫Ω xs,v𝑠𝑠,𝒖𝒖𝑠𝑠,y𝑠𝑠−1

𝑊𝑊𝑠𝑠 𝑠𝑠, 𝑥𝑥𝑠𝑠∗, 𝑥𝑥𝑠𝑠 𝑃𝑃𝑠𝑠 𝑥𝑥𝑠𝑠 𝑣𝑣𝑠𝑠 𝑃𝑃 𝑣𝑣𝑠𝑠 𝑢𝑢𝑠𝑠 Γ𝑠𝑠 𝑢𝑢𝑠𝑠 𝑥𝑥𝑠𝑠∗,𝒚𝒚𝑠𝑠−1,𝒖𝒖𝑠𝑠−1
⋅ 𝑃𝑃 𝒖𝒖𝑠𝑠−1,𝒚𝒚𝑠𝑠−1 𝑑𝑑Ω 𝑥𝑥𝑠𝑠, 𝑣𝑣𝑠𝑠 ,𝒖𝒖𝑠𝑠,𝒚𝒚𝑠𝑠−1
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Derivation of risk

Let’s look at the partial risk more carefully

𝑅𝑅𝑠𝑠 = �
Ω xs,v𝑠𝑠,𝒖𝒖𝑠𝑠,y𝑠𝑠−1
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𝑃𝑃(𝑥𝑥𝑠𝑠|𝝁𝝁,𝑢𝑢𝑠𝑠) 𝑃𝑃𝑠𝑠 𝜇𝜇 𝑑𝑑Ω 𝜇𝜇
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Derivation of risk
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Bayes rule: 𝑃𝑃𝑠𝑠 𝜇𝜇 = 𝑃𝑃 𝝁𝝁 𝒖𝒖𝑠𝑠−1,𝒚𝒚𝑠𝑠−1 = 𝑃𝑃 𝝁𝝁 𝑃𝑃 𝒖𝒖𝑠𝑠−1,𝒚𝒚𝑠𝑠−1 𝝁𝝁
𝑃𝑃 𝒖𝒖𝑠𝑠−1,𝒚𝒚𝑠𝑠−1
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Total risk is then obtained as

𝑅𝑅 = ∑𝑠𝑠=0𝑛𝑛 ∫Ω 𝑥𝑥𝑠𝑠,𝜇𝜇,𝑢𝑢𝑠𝑠,𝑦𝑦𝑠𝑠−1
𝑊𝑊𝑠𝑠 𝑠𝑠, 𝑥𝑥𝑠𝑠, 𝑥𝑥𝑠𝑠∗ 𝑃𝑃 𝑥𝑥𝑠𝑠 𝜇𝜇,𝑢𝑢𝑠𝑠 𝑃𝑃 𝜇𝜇 ∏𝑖𝑖=0
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 Γ𝑠𝑠 influences the term 𝑅𝑅𝑖𝑖 , for 𝑖𝑖 > 𝑠𝑠

 ∑𝑖𝑖=𝑠𝑠+1𝑛𝑛 𝑅𝑅𝑖𝑖 represents the investigation risk 

 Γ𝑠𝑠 causes either a worse or better investigation of the characteristics of B

 In open loop, Γ𝑠𝑠 influences just 𝑅𝑅𝑠𝑠 - Risk associated here is just action/directional
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Determination of Optimum Strategy

Use of Dynamic programming to find the optimal sequence of probability 
densities Γ𝑠𝑠(𝑢𝑢𝑠𝑠|𝑥𝑥𝑠𝑠∗,𝒚𝒚𝑠𝑠−1,𝒖𝒖𝑠𝑠−1). 

We start at k=n and then do backward iteration k=n-1,…
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𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)
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𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

21



Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimize

21



Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimizeminimize

21



Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimizeknownminimize
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Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimizeminimize known
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Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimizeminimize known

Probability density

21



Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

minimizeminimize known

Probability density

Optimal solution 
𝑢𝑢𝑛𝑛∗ = arg min

𝑢𝑢𝑛𝑛∈Ω(𝑢𝑢𝑛𝑛)
𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1)

21



Determination of Optimum Strategy

𝑅𝑅𝑛𝑛 = �
Ω(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝛽𝛽𝑛𝑛−1 Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

where

𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = �
Ω(𝑥𝑥𝑛𝑛,𝝁𝝁,)

𝑊𝑊𝑛𝑛(𝑛𝑛, 𝑥𝑥𝑛𝑛∗ , 𝑥𝑥𝑛𝑛) 𝑃𝑃 𝑥𝑥𝑛𝑛 𝝁𝝁,𝑢𝑢𝑛𝑛 𝑃𝑃 𝝁𝝁 �
𝑖𝑖=0

𝑛𝑛−1
𝑃𝑃 𝑦𝑦𝑖𝑖 𝝁𝝁, 𝑖𝑖,𝑢𝑢𝑖𝑖 𝑑𝑑Ω 𝑥𝑥𝑛𝑛,𝝁𝝁

𝛽𝛽𝑘𝑘 = �
𝑖𝑖=0

𝑘𝑘
Γ𝑖𝑖

Further, 𝑅𝑅𝑛𝑛 = ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)𝛽𝛽𝑛𝑛−1𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

where  𝜅𝜅𝑛𝑛(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) = ∫Ω 𝑢𝑢𝑛𝑛
𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 𝑑𝑑Ω(𝑢𝑢𝑛𝑛)

Optimal solution 
𝑢𝑢𝑛𝑛∗ = arg min

𝑢𝑢𝑛𝑛∈Ω(𝑢𝑢𝑛𝑛)
𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

Γ𝑛𝑛 𝑢𝑢𝑛𝑛,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 = 𝛿𝛿(𝑢𝑢𝑛𝑛 − 𝑢𝑢𝑛𝑛∗ )
21



Determination of Optimum Strategy
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Γ𝑛𝑛 = 𝛿𝛿(𝑢𝑢𝑛𝑛 − 𝑢𝑢𝑛𝑛∗ )
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22



Determination of Optimum Strategy
𝑘𝑘 = 𝑛𝑛 − 2

𝑆𝑆𝑛𝑛−1 ≔ 𝑅𝑅𝑛𝑛−1 + 𝑅𝑅𝑛𝑛

�
Ω 𝑢𝑢𝑛𝑛−1,𝒖𝒖𝑛𝑛−2,𝒚𝒚𝑛𝑛−2

𝛼𝛼𝑛𝑛−1 𝛽𝛽𝑛𝑛−2Γ𝑛𝑛−1𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−2)

�
Ω 𝑢𝑢𝑛𝑛∗ ,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1

𝛼𝛼𝑛𝑛 𝛽𝛽𝑛𝑛−1Γ𝑛𝑛𝑑𝑑Ω(𝒖𝒖𝑛𝑛,𝒚𝒚𝑛𝑛−1)

𝛽𝛽𝑛𝑛−1 = 𝛽𝛽𝑛𝑛−2 Γ𝑛𝑛−1

Γ𝑛𝑛 = 𝛿𝛿(𝑢𝑢𝑛𝑛 − 𝑢𝑢𝑛𝑛∗ )
= ∫Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1) Γ𝑛𝑛−1 𝛼𝛼𝑛𝑛(𝑢𝑢𝑛𝑛∗ ,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1) 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

= �
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Γ𝑛𝑛−1𝛼𝛼𝑛𝑛−1 𝑑𝑑Ω 𝑢𝑢𝑛𝑛−1 +

�
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Γ𝑛𝑛−1 𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛∗ ,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)
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= �
Ω(𝒖𝒖𝑛𝑛−2,𝒚𝒚𝑛𝑛−2)

𝛽𝛽𝑛𝑛−2

�
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�
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Γ𝑛𝑛−1 𝛼𝛼𝑛𝑛 𝑢𝑢𝑛𝑛∗ ,𝑢𝑢𝑛𝑛−1,𝑦𝑦𝑛𝑛−1 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1)

minimize
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Determination of Optimum Strategy
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fixed
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fixed

minimize
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𝛽𝛽𝑛𝑛−2 Γ𝑛𝑛−1 𝑢𝑢𝑛𝑛−1,𝒖𝒖𝑛𝑛−2,𝒚𝒚𝑛𝑛−2

⋅ 𝛼𝛼𝑛𝑛−1 + �
Ω 𝒚𝒚𝑛𝑛−1

𝛼𝛼 𝑢𝑢𝑛𝑛∗ ,𝒖𝒖𝑛𝑛−1,𝒚𝒚𝑛𝑛−1 𝑑𝑑Ω 𝒚𝒚𝑛𝑛−1 𝑑𝑑Ω(𝒖𝒖𝑛𝑛−1)

minimize

fixed probability density 

≔ 𝛾𝛾𝑛𝑛−1 minimize
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minimize

fixed probability density 

≔ 𝜈𝜈𝑛𝑛−1 minimize

Optimal solution:
𝑢𝑢𝑛𝑛−1∗ = arg min

𝑢𝑢𝑛𝑛−1∈Ω(𝑢𝑢𝑛𝑛−1)
𝜈𝜈𝑛𝑛−1

Γ𝑛𝑛−1 𝑢𝑢𝑛𝑛−1,𝒖𝒖𝑛𝑛−2,𝒚𝒚𝑛𝑛−2 = 𝛿𝛿(𝑢𝑢𝑛𝑛−1 − 𝑢𝑢𝑛𝑛−1∗ )
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Determination of Optimum Strategy
𝑘𝑘 = 𝑛𝑛 − 𝑖𝑖

𝑆𝑆𝑛𝑛−𝑖𝑖 min ≔ �
𝑗𝑗=0

𝑛𝑛−𝑖𝑖

𝑅𝑅𝑛𝑛−𝑗𝑗
min

= �
Ω(𝑢𝑢𝑛𝑛−𝑖𝑖−1,𝑦𝑦𝑛𝑛−𝑖𝑖−1)

𝛽𝛽𝑛𝑛−𝑖𝑖−1 𝜈𝜈𝑛𝑛−𝑖𝑖∗ 𝑑𝑑Ω 𝒖𝒖𝑛𝑛−𝑖𝑖−1,𝒚𝒚𝑛𝑛−𝑖𝑖−1

𝜈𝜈𝑛𝑛−𝑖𝑖 = 𝛼𝛼𝑛𝑛−𝑖𝑖 + �
Ω 𝒚𝒚𝑛𝑛−𝑖𝑖

𝜈𝜈𝑛𝑛−𝑖𝑖+1 𝑢𝑢𝑛𝑛−𝑖𝑖+1∗ ,𝒖𝒖𝑛𝑛−𝑖𝑖 ,𝒚𝒚𝑛𝑛−𝑖𝑖 𝑑𝑑Ω(𝒚𝒚𝑛𝑛−𝑖𝑖)

Optimal solution:
𝑢𝑢𝑛𝑛−𝑖𝑖∗ = arg min𝑢𝑢𝑛𝑛−𝑖𝑖∈ Ω(𝑢𝑢𝑛𝑛−𝑖𝑖) 𝜈𝜈𝑛𝑛−𝑖𝑖(𝑢𝑢𝑛𝑛−𝑖𝑖;𝒖𝒖𝑛𝑛−𝑖𝑖−1,𝒚𝒚𝑛𝑛−𝑖𝑖−1)

Γ𝑛𝑛−𝑖𝑖 = 𝛿𝛿(𝑢𝑢𝑛𝑛−𝑖𝑖 − 𝑢𝑢𝑛𝑛−𝑖𝑖∗ )
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Γ𝑛𝑛−𝑖𝑖 = 𝛿𝛿(𝑢𝑢𝑛𝑛−𝑖𝑖 − 𝑢𝑢𝑛𝑛−𝑖𝑖∗ )

Again, the optimum strategy 
proves to be not random 
but a regular one
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Outline

Problem setup 

Open loop case
Derivation of risk
Derivation of optimum strategy 

Closed loop case
Derivation of risk
Derivation of optimum strategy 

Conclusion



Conclusion

• We reviewed Feldbaum’s dual control theory (part I and part II) seminal paper

• How exploration-exploitation dilemma was addressed via careful formulation 
of risk, followed by the optimum strategy 

• In open loop case, we saw that the optimum strategy is regular, directional

• In closed loop case, the optimum strategy is still regular but both 
investigational and directional  
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