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Abstract

We consider the problem of bandit change point detection. In the conventional change point
detection problem, the goal is to detect the change in the distribution of the samples/data as
quickly as possible. The bandit change point detection problem is modelled using the framework
of stochastic linear bandits, where the aim is to play arms or actions adaptively to detect the
change in the bandit parameter. The problem combines both the aspects of adaptive sensing

(from bandits) and the goal of quickest change detection from classical sequential testing.

We consider bandit change point detection under the setting where the observations from
each actions are linear (in expectation) in the action’s features. For this setting, we propose
two novel approaches, namely (i) Confidence set based approach, (ii) GLRT based approach
to define the stopping rules and propose algorithms to stop and detect the change based on
the stopping rules, as quickly as possible. While there are well known existing solutions to
the classical(non-adaptive) change detection problem, our approach enables identification of a
change in distribution of samples by adaptively sensing the samples in stochastic linear bandit

framework.
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Chapter 1
Introduction

In this chapter, we will look at a shorter introduction to the change point detection
problem and its potential areas of application. We then look at the need to consider the

controlled change point detection Problem and see how bandits play a crucial role.

1.1 Change Detection Problem

We consider the change point detection problem in which the data are assumed to be drawn
(i.i.d) from a distribution parameterized by a parameter #(°) € R?, called pre-change parameter
and the underlying distribution of the data changes to a distribution parameterized by ") €
R4 C O C R? at an unknown time 7 € N.

i.i.d
X1, Xo, oo, X BP0
1iid 0 (1.1)
Xoy Xog1y oo ~ Pyy

The goal is to detect the change in the parameter of the distribution of the data as quickly

as possible.

Change point detection problem arises in many real world scenarios. For instance, in moni-
toring of temperature of reactors in any power plant, the observations received from the tem-
perature sensors are noisy and it is crucial to detect the change in the distribution of these
observations as quickly as possible. The following are the important notions in any detection

problem, which arise as the consequence of noisy observations.



e False Alarm: Detecting that the change in the distribution has occurred when there is

no change

e Missed Detection: Detecting that no change in the distribution when there is actually

a change in the distribution

As one can see, any model/algorithm that makes missed detection in the above scenario

cause potential damage to the plant while false alarm makes the model more unreliable.

In this thesis, the Missed Detection is interpreted as the detection with some finite delay (In
conventional setting, the Missed detection is interpreted as no detection when there is actually

a change in the distribution).

There are many existing solutions to the change detection problem. However, none of the
existing solutions take controlled sensing of samples into the consideration. In the next section,
we will look at the notion of controlled sensing and in the later chapters, we will see that the

controlled sensing of samples gives us the better detection delay.

1.2 Controlled Sensing

In many practical applications, the number of dimensions of the parameter characterizing the
distribution will be greater than one. For instance, in the case of monitoring the temperature of
the reactors in the power plant, there are different sensors at different places of the reactors to
monitor the temperature. If the number of temperature sensors is d, then this leads to consider
the temperature measurement as d dimensional vector, x € R? . There may be a change in
only few of the coordinates of x, in which case the correct sensing of the temperature of these

coordinates will give us the better detection.

The notion of having control over the samples will become clear in the subsection Problem
Setup and one would appreciate the reason to view the change point detection problem through

the framework of stochastic linear bandits.

1.2.1 Problem Setup

Consider the problem of detecting the change in the parameter that governs the observations
from the sensors, sequentially over time ¢ € N. The goal of the problem is to detect the
change as quickly as possible. In this discussion, let us define the stopping rule and propose an

algorithm to detect the change as quickly as possible.

Parameter: Let 09 € R? be the parameter under which the observations are drawn before

the change point. Let /) € ©) C R be the parameter under which the observations are



drawn after the change point. Let 7 be the time at which () changes to %), which we call it
as the change point. Let #; be the parameter that governs the observation at time t which is

defined as
60 ift<r
6 otherwise
Actions: Let A C R? be the given set of actions in R?. Let A, € A be the action taken at

time t. The Actions provide us the control over samples in the following way.

Samples: Let X; be the samples observed at time t from the distribution, P(X;| A, ), given
by P(X;| A, 0;) = N<<At, 0t>, 02) ! where o2 is the known variance. That is,

X, ~ N<<At,9t>,a2> (1.3)

From (1.3), it is clear that though the actual data is of d(> 1) dimension, which is given
by 6;, the samples that we observe is of dimension 1. Specifically, in uncontrolled change

point detection setting, i.e, with no control over the samples, the observation that is drawn at
time ¢ is given by X; ~ N<<et, 9t>,02>, where ¢, is a standard basis vector in R?. In other

words, we observe only one of the sensors observation (noisy) at any given time. In general,
in uncontrolled change point detection setting, the observation X; drawn at time ¢ is given by
X ~N(f(6),0?), where f is some unknown real-valued function of ¢;. In the stochastic linear
bandit change point detection setup, i.e, in the controlled change point detection setting, the
control over the sample X; at time ¢ comes through the action A; at ¢ and this linear structure
in observations help us to devise algorithms/sensing rules to adaptively choose actions A; to
draw sample X; at time ¢, Vt € N.

1.3 Prior Work

Change point detection is a well studied problem since mid half of 20" century. The first of
early change point detection works appeared in the year 1954 by E.S. Page [15]. In this work
[15] the data is observed as a batch or in other words data is observed in off-line setting and
CUSUM procedure is used to detect the change in the distribution of the data. Also, in this
setting, both pre-change and post-change parameters are completely known and the source of

randomness is only in the point in discrete time scale where the change occurs. Lorden [11]

N (p1,0?) denotes Gaussian distribution with 4 as the mean and o2 as the variance. (.,.) denotes the inner
product between two vectors.



extended the problem of change point detection to an on-line setting, where the data is observed
sequentially and the goal is to detect whether the change in distribution has occurred or not
based on data observed until recently in time scale. That is, the data are observed upto time
n € N, considered in batches of sliding length and Likelihood Ratio Test (LRT) is performed
on the batches to decide whether the change in the distribution has occurred. The stopping

time 7 is given by:

7' = min {t € [1,n] : max Lg; > c} (1.4)

SE[1,t)

Py (Xv) .
where Lg; = log
t t’—zs-i-l Pyo) Xt')

to LRT. 7 is the change point, 7/ — 7 is the detection delay

is the Likelihood Ratio and c is the threshold, given as input

However it is important that the detection procedure need to be adaptive and should not
depend on total number of observations . Lorden’s paper [11] also assumes that pre-change and
post-change parameters are perfectly known. Also, classical works assume that the changes
are abrupt and there is no notion of detectable changes'. [18] considers decentralized quickest
change detection where simultaneous change in the distribution of the data of multiple sensors
are considered. Each sensor send a quantized data (i.e 1 bit) to a fusion center where quantized
data from the sensors are collected. CUSUM is applied with quantized data to decide whether
change in the distribution has occurred or not. However, there is notion of controlled sensing
in the sense that there is no selection of reliable sensor to observe data at each time.

The problem of not knowing the pre-change and post-change parameters is handled by
[16], by introducing a prior distribution to the unknown parameters. However, the resulted
detection statistic is hard to compute recursively since the prior is not a conjugate. Recent
work of Maillard[12] considers the sequential setup under the assumption that pre-change and
post-change parameters are unknown (but under the assumption that the parameters belong
to the exponential family) and Generalized Likelihood Ratio Test (GLRT) is used to detect
the change in the distribution. The setup is sequential in the sense that at any given time ¢,
GLRT is applied to the data observed until time ¢ and if the GLR exceeds the threshold, alarm
is raised and change in the distribution is declared.

Formally, at time ¢, having observed X1, X, ..., X}, detection time/stopping time 7’ is given

'If the ¢5 norm of difference between the pre-change and post change parameter is greater than A, we call
such differences as detectable changes, where A > 0.



by the following boolean test:

7= ]I{ max Gq.g.p > c} (1.5)

s€[0,¢)

where GLR is defined as:

t

S
6 v (D log P (X0) + Y TouPa(X0) )

t'=1 t'=s+1
t
— max (Z log IP’g(Xt/)>
t'=1

The threshold c is tuned by the high probability control over false alarm. Also, the notion of
detectable changes is established and the paper gives non-asymptotic lower bound on detection
delay under the assumption that change point is fixed. Contrary to the classical work, where the
detection delay is calculated subject to an upper bound on expected false alarm, [12] calculates
the detection delay subject to high probability control over false alarm and results show that
detection delay achieves the asymptotic lower bound given by [9] and also extend the analysis

to non asymptotic regime. However, there is no notion of controlled sensing of the samples.

1.4 Organization of the Thesis

We start with the preliminaries in chapter 2, that are relevant to this thesis. Followed by
preliminaries, we will look at the novel idea of bandit change point detection in chapter 3 where
we discusses two key approaches, namely Confidence Set based approach and GLRT based
approach, to detect the change point through the sequence of actions that define the notion of
controlled sensing. We will also look at the lower bound for the detection delay in 3 and some
calculations on time varying threshold in chapter 4. We will look at some of the numerical
results/simulations for the proposed approaches in chapter 5. Finally we conclude with quick

remarks on challenges and future work in chapter 6.



Chapter 2
Preliminaries

In this chapter, we will look at the tools/preliminaries needed for the thesis. This chapter
covers the following topics: Kullback-Leibler Divergence (KL Divergence), Optimization
Background, Concentration Bounds, Sub-Gaussian Properties, Hypothesis Testing and

Stochastic Linear Bandits.

Note: We skip the proofs that are advanced and provide references for them wherever

appropriate.

2.1 Kullback-Leibler Divergence (KL Divergence)

The Kullback-Leibler divergence, between two probability distributions on a random variable
is a measure of the distance between them. Formally, given two probability distributions p(x)
and ¢(x) over a discrete random variable X, the relative entropy given by D(p||q) is defined as

follows:

D(pllg) = > p(e) log 22
rzeX Q(x)

0 0 0
In the definition above 0log 0= Olog — =0 and plog 1 =00
q

2.1.1 Properties of KL Divergence

1. Divergence is not symmetric. That is, D(p||q¢) = D(q||p) is not necessarily true.



2. Divergence is always non-negative. This is because of the following;:

z)

= :CEZ;CP( )1gp(x)

q
-5y o

a q
o]
p

= —log (mzxp(%') log %)

=0

D(pllg) = Zp(x) log @
xeX 1

(a) follows from the Jensen’s inequality and the concavity of log. Therefore | D(P||q) > 0/|.

3. Divergence is a convex function on the domain of probability distributions. Formally,

Lemma 2.1 (Convexity of divergence). Let py , ¢1 and pa , qo be probability distributions
over a random variable X and VA € (0,1) define

p=Ap1 + (1 —N)ps
=+ (1—=XNg

Then, D(p||lq) < AD(p1||lg1) + (1 — N)D(p2||q2)

To prove the lemma, we shall use the log-sum inequality [5], which can be proved by

reducing to Jensen’s inequality:

Proposition 2.1 (Log-sum Inequality). If ai,...,a,,b1,...,b, are non-negative num-
bers, then
oo - i=1 %
> sy = (2 ) s (523)
1= i=

Proof: [of Lemma 2.1]



Let ai(x) = A\p1(x), as(z) = (1 — N)p2(x) and by (x) = Ag1(z), be(x) = (1 — N)go(z). Then,

DIl = S 000) 1 et e S

a1(z) + as(z)
— Z (a1 () + ag(x )log m

S Z (al(if) log bi(x)) + as(z) log ng)))

-3 (Apl (2) log iz igg + (1 = N)pa(2) log (&:AM)

D(pillq1) + (1 = A)D(p2l|g2)

N
=
1
&

Therefore, | D(p||q) < AD(p1]|q1) + (1 — A)D(p2l|q2) O

2.2 Optimization Background

The optimization is a vast topic and hence we shall look at the preliminaries of optimization that
are used in this thesis. We restrict ourselves to unconstrained optimization of convex functions,
Gradient Descent algorithm followed by constrained optimization of convex functions subject

to convex constraints.

We also omit the properties of Convex functions, Convex sets and the references for the same
can be found in [13, 3, 4, 2]
2.2.1 Unconstrained Convex Optimization

Let us consider the following minimization problem

min  f(z) (2.1)

r€ER4

where f : R? — R is a twice differentiable convex and smooth! real valued function over R
The critical point i.e, the solution to the above problem is obtained by solving the following

equation

V()]s = 0 (2.2)

1A twice continuously differentiable function f : R? — R is said to be smooth if ||V f(y) — Vf(z)]|
< L||lz —y||, Y2,y € R? and for some L € R




which is the necessary and sufficient condition for z = 2* € R? to be the minimum for the

above minimization problem (2.1). The solution to (2.2) is called local minimum

Fact: Every local minimum is a global minimum for a convex function and it is unique for
smooth convex functions[3, 2J.
But solving (2.2) to obtain minima for convex function f is computationally expensive. To

see this, let us consider a following example problem:

S T
min - oz Ax —b'x (2.3)

where A € R4 b € R? and A is positive definite!.
1
Let f(z) = §ZL‘TA:E — bl

Vf(@)|o=ar = 0
= Az =0

— =AY

Caveat: The computation of A~1%is expensive, especially when d is very large. Complexity
is O(d?)
So the machinery to find x* should be carried out in a “Principled” manner and one such

algorithm that saves the computation to find minimum of f i.e, 2*, is Gradient Descent

2.2.2 Gradient Descent Algorithm

In Gradient Descent Algorithm, we start at an arbitrary point, which we call it as initial point
and move along the gradient towards the next point, and repeat until converging to a critical

point®. We follow an iterative scheme to achieve the same, which is described as follows:
g * ) = g8 0, v f (2®) (2.4)

where ay, is the step-size, a;, € (0,1), 2®) is the current point and 2*+" is the next point
and V f(x™®)) is the gradient at point z® k=1,...,T.
(2.4) implies that we move along the direction of negative gradient (Descent direction of

the function). In a smooth convex function f, the minima occurs at V f(x) = 0 and hence we

LA matrix A € R s positive definite iff 27 Az > 0,Vz € R?
2The inverse for A exists since A is assumed to be positive definite in this example
3Critical point is a point at which gradient of the function f is zero i.e, Vf(x) =0



-
-

4 |'||'|.I (5] ot T

Figure 2.1: Illustration of Gradient Descent. Orange line indicates larger step sizes, which
diverge from minima z*. Purple line indicates smaller step size, which moves towards minima

*

T .

move towards the minima in the negative direction of the gradient. The step size dictates the
amount of descent that we make. Smaller the step size, slower will be the rate at which we
reach towards minima. Larger the step size, larger will be the instability i.e, we keep oscillating

around minima and would never reach minima. The figure 2.1 illustrates the Gradient Descent.

VT

T is total number of steps in the iteration. Proof for the same can be found at [4, 13].

1
The convergence rate of Gradient Descent for a smooth convex function is O (—) , Where

2.2.3 Constrained Optimization

Let us consider the following minimization problem

min f(x) (2.5)
st hi(x)<0,5=1,...,1

ei(x)=0,i=1,...,m

where S C RY, f, h; and e; ! are smooth and convex over R?. h; are called inequality

constraints and e; are called equality constraints. Denote 2

X = {:L‘ €S :hj(z) <0,e(z) =0,Yi € [m],Vj € [l]}

1f:Rd—>R,hj:Rd—>R,ei:Rd—>R
![n]=A{1,...,n}

10



where X is called feasible set. Hence the final goal of (2.5) can be posed as follows:

Goal: Minimize f(x) subject to z € X
Assume that X C R? is non-empty. Now, let us define the Lagrange function as follows:

L(\ p,2) = f(a) + ATh(z) + pe(x) (2.6)
hi(x) A1 M1 e1(x)
where h(z) = : LA = N T | &e(x) = : . A,...,N and
hu(z) A fm em()
W1, ..., iy are called Lagrange multipliers corresponding to inequality constraints hq,..., Hy
and equality constraints ey, ..., e,, respectively.

Notice that L(.,.,x) is a convex function Vx € X if \; > 0,Vj € [l]. Under certain

conditions, called as KKT conditions, solving unconstrained minimization of L, i.e, solving

min L\, ", x) (2.7)

zERI

is same as solving (2.5). A*, u* satisfy the KKT conditions, which are necessary and suffi-
cient conditions for z* € X to be the minimum for the problem (2.5). We now state the KKT

conditions without proof, the proof of which can be found in [3].

KKT Conditions:

i VLA, u*z)=0
ii A;"h;(z*) =0, Vj € [l] (Complementary Slackness)

i A >0, V) €[]

2.3 Concentration Bounds

The central goal of any problem related to statistical learning is to know the actual mean of the
data. Since the true mean of the data is unknown, it has to be learnt from the data in hand i.e,
we need to estimate the mean of underlying data. The natural question that one would like to
ask is how “good” the estimate of true mean. At high level, we will try to answer this question.

Note: Most of the materials covered in this section is heavily inspired from Chapter 5 of

[10].
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Figure 2.2: Ilustration of Tail Probabilities. Shaded red part represent Tail Probabilities

Tail Probabilities Suppose that X, X7,..., X, is a sequence of independent and identically
distributed random variables and assume that the true mean of this data is p = E[X] and

variance 02 = V[X]. The natural estimate of of true mean is:

=y X, 23

which is called sample mean or empirical mean. Notice that E[i] = p, which means that nmu

is an unbiased estimator of u. The variance calculation of ji gives us the spread of distribution
2

o
of /i and it is equal to —. This means that we expect the squared distance between p and i
n

1
to shrink as n grows larger at a rate of — and scale linearly with variance of X, o%. But this
n
does not tell us much about the distribution of the error u — ji. To do this, we analyse the
probability that i overestimates or underestimates p by more than some value € > 0. Precisely,

we would like to ask how do the following quantities depend on €
Pli>p+e) and P(p<pu—e) (2.9)

The expressions above (as a function of €) are called Tail Probabilities. The first expression
is called Upper Tail Probability and second one is called Lower Tail Probability. The
term P(|1 — p| > €) is called Two sided Tail Probability. See figure 2.2 for the illustration
of Tail Probabilities. In this section, we will restrict only to three important bounds on Tail

Probability, which we list as follows.

12



2.3.1 Markov Inequality

Lemma 2.2 For any non-negative random variable X and € > 0, the Markov inequality states
that

E[X]

€

P(X >¢) <

Proof: To justify the Markov inequality, let us fix a positive number a and consider the

random variable Y, defined by

0,if X <a,
a,if X >a

It is clear that the relation Y, < X always holds and therefore,

E[Y,] < E[X] (2.10)
On the other hand,
E[Y,] = aP(Y, = a) = aP(X > a) (2.11)
Combining (2.10) and (2.9), we get
P(X >¢) < E[EX]
]

2.3.2 Chebyshev’s Inequality
Lemma 2.3 If X is a random variable with mean u and variance o2, then

0_2

PIX —p29 <%
Proof: To justify the Chebyshev’s inequality, we consider non-negative random variable
(X — p)? and apply the Markov inequality with €2 i.e,
E[(X —p)] _o®

P(X—pfze) s o HH T



The proof is completed by observing that the event (X — u)? > €2 is identical to the event
| X — u| > e. Therefore

(X — ) > &) = B(IX — 4] 2 ¢)

0.2

PIX —pl 2<%

Using Chebyshev’s inequality 2.3 in (2.10) gives us the the following bound:

2
R o
P -l 2 ) < 2 (2.12)

This result is good since it was so easily bought and relied on no assumptions other than the
existence of the mean and the variance. However, the downside is this is asymptotic in nature
and the bound is too loose. We shall now derive finite-time analogs, which are only possible by
making Sub-Gaussian assumption.

Before proceeding to see what is a Sub-Gaussian random variable, let us see one more

fundamental inequality on tail probability, which is called Cramér-Chernoff bound.

2.3.3 The Cramér-Chernoff Method

Suppose that X is a random variable and we want a bound for tail probability P(X > ¢). Let
A > 0. Then, we can bound the tail probability P(X > t) as follows. Sine A > 0 and the

exponential function is monotonically increasing, application of Markov Inequality yields

b

P(X >t) = P(AX > At) = P(exp AX > exp \t)

< Elexp AX] exp(—At)

a and b follows from the fact that we are taking the probability of identical events. c¢ follows

from Markov inequality. Therefore,

P(X >1t) < T{LZSI E[exp AX ] exp(—At) (2.13)
>

Let us define Mx(\) = ElexpAX]|. Mx()) is called Moment Generating Function
(M.G.F) of random variable, X. The name comes from the fact that moments of random vari-
able X ( E(X),E(X?)...,E(X") are called first order, second order, ..., n'* order moments

Y

respectively) can be generated by taking higher order derivatives of M,(\). More details on

14
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',u —€ o ';1, e i

Figure 2.3: Illustration of Sub-Gaussian random variable. The red dotted graph shows Sub-
Gaussian distribution and the black one represents Gaussian distribution. Notice that the tail
of Sub-Gaussian is lighter as compared to Gaussian.

M.G.F can be found in standard probability texts such as [7, 8]. Inequality (2.13) is called

Cramér-Chernoff bound.

Now, it is interesting to note that the tightness of the bound (2.13) depends on Mx (). In
particular, if, for any random variable X, it’s M.G.F is bounded, then we can optimize (2.13)
over A to get tighter bound.

Let us now look at sub-Gaussian Random Variable, which has bounded M.G.F.

2.4 Sub-Gaussian Random Variable

Definition 2.1 (Sub-Gaussianity). A random variable X is o-sub-Gaussian if for VA € R, it
)\2 2
holds that Mx(\) = E[exp(AX)] < exp ( 20 )

Gaussian random variable has a special property that it has bounded M.G.F Mx(\) =
)\2 2
exp 7

and hence we can optimize over A to get tighter bounds in (2.13). More generally,

we can study the random variables whose M.G.Fs are bounded above by M.G.F of Gaussian

random variable. An illustration of Sub-Gaussian random variable is shown in figure 2.3

Remarks 2.1 If for any random variable X, its M.G.F , Mx(\) = 0o, then the tail probability
1s trivially bounded above by 1. We call such random variables heavy tailed. We call random
variables with finite and bounded M.G.F, light tailed.

Theorem 2.1 If X is o-Sub-Gaussian, then for any e > 0,

€

P(X > €) < exp ( - —2) (2.14)

202

15



Proof: We use Cramér-Chernoff method (2.13) to prove the theorem. Let A > 0 be some

constant to be tuned later. Then

P(X > ¢) = P(exp(AX) > exp(Ae)
Elexp(AX)] exp(—Ae)

)\2 2
exp( 20 —)\e)

(a) is obtained by applying Markov inequality and (b) is obtained by using the definition 2.1 of

A= IA®=

Sub-Gaussianity. Now optimizing over A by substituting A = s we get

P(Xze>§exp(— 62)

202

O
It is easy to show the same inequality for the lower tail. By using the union bound P(AUB) <
2

P(A) + P(B), we see that P(|X]| > ¢€) < 2exp(—%. Setting the Lh.s of the latter inequality
g

to 6 € (0,1) gives more convenient and equivalent form

P <|X| > ([ 202log (%)) <9

It is easy to see that, for small §, with high probability X takes the value in the interval

(v 5)- e 3) )

In order to study the tail behaviour of i — p in (2.9), we need one more lemma, which we

state without proof

Lemma 2.4 Suppose that X is o-Sub-Gaussian and X1 and X are independent and o1 and

oo Sub-Gaussian respectively, then:
(a) E[X] =0 and V[X] < o2,
(b) cX is|c|lo-Sub-Gaussian Ve € R.

(¢) Xi+ Xy is \/o} + 03-Sub-Gaussian
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Corollary 2.1 Assume that X;—p are independent, o-Sub-Gaussian random variables Vi € [n].
Then, for any e > 0,

2
]P’(/lz,ujte)ﬁexp(—%) and ]P’(/lgu—e)gexp(——)
1 n
whereﬂ:—ZXi
n
i=1

1 n
Proof: By Lemma 2.4, it holds that g — p = _Z(Xi — ) is 7__Sub-Gaussian. Then by
né= NLD

invoking Theorem 2.1 we get,

ne>

2
Pla>p+e)<exp| —== ] and P(p<pu—c¢) <exp _ e
207 202

O
Setting the Lh.s of the inequality in 2.1 to § € (0,1), we can get equivalent deviation form

of the inequality in 2.1 as follows:

With probability at least 1 — ¢

We can invoke union bound to get two sided inequality P | |4 — pu| < \| ————=— | >

Remarks 2.2 The bound obtained in 2.1 is tighter than Chebyshev’s (2.13) in the sense that

1
exp (—ne?) < — . Hence Sub-Gaussian assumption gives us tighter bounds on tail probabilities.
ne
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2.5 Hypothesis Testing

Hypothesis Testing is a method of statistical inference that answers a particular question, based

on the observed data. Let us try to understand the above statement via motivating examples:*

a) Communication Systems: Is there a message sent by the transmitter or not? (Based on

the data at the receiver)
b) Defense: Is there an enemy plane or not?(Based on radar signals)

¢) Medical Science: Is the patient suffering from a particular disease or not? (Based on

medical observations)
d) Economics: Is the Indian economy in a recession? (Based on financial data)

The above examples give binary answers (Yes or No) to the questions that are asked on the
underlying observed data. This is, in general, called Binary Hypothesis Testing and we, in this
thesis, restrict ourselves to Binary Hypothesis Testing. Hypothesis refers to the belief about

the particular question on the data (Yes or No in the above examples).

Types of Binary Hypothesis: Binary Hypothesis is usually classified into two types, namely, ()
Null Hypothesis, denoted by H, and (ii) Alternate/True Hypothesis, denoted by H;.
The former typically refers to the statistical insignificance in the data whereas latter refers to
the statistical significance in the data. For instance, in chapter 1 the null hypothesis refers to
no change in the distribution of the data whereas alternate/true hypothesis refers to the change

in the distribution of the data. So Binary Hypothesis Testing is a statistical test procedure
that declares either Hy or H; based on the observed data.

Formally, let X7, X5,..., X, be the set of independent and identically distributed random
variables. Let Py and P; be two probability distributions on Xi,..., X,. Null hypothesis
corresponds to the belief that X7, ..., X, are observed according to the distribution P, whereas
True hypothesis corresponds to the belief that they are observed according to the distribution
Py. ie,

g'COZXh...,Xni}i\.’d]PO

V.S

M Xy, .., X, AP,

!Thanks to Dr. Aditya Gopalan, for the motivating examples, that appeared in the introductory lecture on
Detection & Estimation Theory course at IISc, Bangalore
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Goal: To declare either H, or H; after having observed Xj,..., X,,, keeping the error as
low as possible. The definition of error is given below.

There are well known testing procedures to achieve the above goal. However, we restrict
ourselves to Generalized Likelihood Ratio Test (G.L.R.T), which is a test procedure to
achieve the above goal.

Error: Irrespective of the test procedures that we carry out to achieve the above goal, there
are significant error scenarios that we run into. These errors are typically called False Alarm
or Type-I error and Missed Detection or Type-II error. The former occurs when Hj is
the actual hypothesis of the observed data but we declare JH; whereas the latter occurs when
H, is the actual hypothesis of the observed data but we declare H,y. Formally, at an abstract

level, we define False Alarm and Missed Detection as follows:

False Alarm (F.A) : Py[Decide ;] (2.15)
Missed Detection (M.D) : P;[Decide Ho)]

The events Decide H; and Decide H, correspond to the test procedure that we carry out.
Another important thing to note is: we assumed that the distributions Py and P; corresponding
to the hypotheses Hy and H; respectively. However this can be generalized to the case where
both the distributions Py and P; are unknown. In such case, we assume that the distributions
corresponding to Hy and I, are characterized by the parameters 600 € ©©) C R? and V) ¢
O C R? respectively, where d > 1. That is,

Ho: X1, .., Xn & Py
V.S (2.16)

1.4.d
:H:l : Xla'--an ~ ]P)e(l)

2.5.1 Generalized Likelihood Ratio Test (G.L.R.T)
Recall the setting (2.16). The Generalized Log Likelihood Ratio Test is defined as follows:

noP X;
,nax ITi=i Pooy (X5)
noP X,
jnax [T Poo (X5)

Declare H; if log > h, else Declare 3, (2.17)
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e(gleag{(l) Hz 1 Pe(l) (X )

O a0 x [Tiz Poo (X5)

is called Generalized

where h > 0 is called threshold and the term log
Log Likelihood Ratio (G.L.R). Note that

max HZ 1P9(1)(X)

P ece) a
lo h = max E logPy)(X;) — max E log Py ( >h
S| Tmax 1, Py (X)) oo 4 &% o004 &

9(0) ce(0)

(2.18)

. The equivalent relation (a) follows from the product rule of log, followed by the fact that
log is monotonically increasing function. In general, the distributions corresponding to H; and
Ho may not be known and hence we take Maximum Likelihood estimate (M.L estimate) of

these distributions as given by max [[, Poay(X;) and max [[;; Py (X;). The product
o) ece(l) 9(0) ce(0)

comes as a result of i.7.d assumption and in more general setting the product is replaced by

Pyoy (X1, ..., X,) and Ppay (X1, . . ., X,,) corresponding to Hy and H; respectively. Note that the
max Hz l]P)H 1>(X)

events Decide H; and Decide Hj in (2.15) corresponds to the events log oeom
max Hl IPB(O) (X)
09(0) ce(0)
max [[-, P (X)
o eo®) .
h and log < h respectively.
L= Poo (X0)
<0>ee(0>

Choosing Threshold, h: The key step in G.L.R.T procedure is to choose appropriate

threshold in (2.17). We invoke Neyman-Pearson lemma [14] to choose the threshold. That
max [[1-, Py (X5)

o) ece) > h

( 9(0) Hz 1 PG(U) (X) N

where § € (0,1) defines the allowable F.A, we need to minimize Missed Detection (M.D)
max [, Py (Xi)

IN

is, subject to allowable False Alarm (F.A) i.e, Py | log 9,

Pyy | log oot < h|. From [14, 17] we can show that 3k > 0 such that
max i, Poo (Xi)
9(0)co(0)
nax L= Py (X3)
for P 1 > h | =4, the decisi le (2.17) minimizes M.D and
or Pyo | log | ==~ T Py (X)) ) = e decision rule (2.17) minimizes an

0(0) ce(0)
it is unique and optimal.

2.6 Stochastic Linear Bandits

In Multi-Armed Bandit setting [10], agent pulls an arm at each time ¢ € [T] and receives a

corresponding random reward X;. The goal of the agent is to maximize the expected total

20
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reward, i.e, maximize E[Reward(T)], where

T
Reward(T) = ZXt (2.19)
t=1

X, is the random reward earned at time ¢. In this setting, playing an arm allows the agent to
learn only about that arm. The well known UCB (Upper Confidence Bound) algorithm’s upper
bound on the regret O (\/cKT log T), where ¢ > 0 is a constant and K € N is the number of

arms. Note that the regret upper bound depends on the number of arms. Can we do better?

But in many practical applications, playing an arm allows agent to learn about the other
arm which is not played. Many arms share the same reward structure. In this report, we
consider one such special reward structure, which is linear. Bandits which have linear reward
structure are called linear bandits and if the environment is stochastic (reward observed), we
call this particular setting as Stochastic Linear Bandits. Each arm is represented by a unique
feature vector in RY, where d > 1 € N is the number of dimensions. We shall formally define
the setting of stochastic linear bandits, as laid out by Yadkori et.al [1]. The detailed proof for
the regret analysis of Stochastic Linear Bandits can be found in [1, 10] and the upper bound
on the regret grows as O (y/cdT'log T'). Note that regret grows in the order of d as opposed to

K in Stochastic Multi Armed Bandits, where d is number of dimensions.

2.6.1 Setting
At eachround t =1,2,3,..., 7T :

e Agent plays A, € A CR?,  d = # features.

e Agent observes reward:
X: = (A, 0.) + nt, where 7, i N(0,0?) is the noise at time .

0, is the unknown parameter in R that governs the reward of any chosen action A, € A at
time t. The pseudo regret of the stochastic linear bandit is given by
T
Regret(T) = Z {max(a, 0.) — (A, 0*)} (2.20)

acA
t=1

The goal is to play successive actions A; € A, Vt € [T] such that pseudo regret is minimum.

Since we don’t know the unknown parameter 6., we need to find an estimate for the same.
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2.6.2 Estimating the Unknown Parameter

The regularized least square estimator is used to estimate the unknown parameter. Let A > 0

be fixed. Then the estimate is given by:

t—1
0, = argmin { > (X, — (A.,0)* + A|Jo]l3 5, A > 0. (2.21)
R4 —1

The solution to the above regularized least square estimate is given by:

t
6, =V, 'Y AX, (2.22)
s=1
where
t
Vi=Vot Y AAL Vo = My (2.23)
s=1

Now, we need to build set Cy,Vt € [T] around the estimate @,1 such that with high proba-
bility, 0, € C;. we call this set (C}) as confidence set. The confidence set C} is given by:

Ct:{ﬁeRd: He—ét_l

- Bt} (2.24)

where 3; = O(x/dlog (t/é)),é € (0,1) L

The structure of C; is an ellipse with center as ét,l. Ilustration of the same is shown in
figure 2.4

|z|| 5 = VT Bz, where B is a positive semi-definite matrix in R? and = € R%. ||z||; is called Matrix-Norm
of = with respect to matrix B
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Figure 2.4: Confidence Set C;. A, denotes smallest eigenvalue of V;, 1 and A« denotes largest
eigenvalue of V;,_; which are lengths of major axis and minor axis of ellipse C} respectively.

K=d vs K>d

wl —— K>d
—— K=d

Regret

Time

Figure 2.5: Regret Plot. The plot shows simple regret comparison between K = d (Standard

Stochastic Bandits case) and K > d (Stochastic Linear Bandits case with number of arms
greater than the dimension).
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Chapter 3

Bandit Change Point detection

In this chapter, we will look at the novel bandit change point detection approaches.
We consider two important approaches towards detecting the change point in the
distribution, through Bandit framework: (i) Confidence Set based approach where
we use Confidence Set around our estimate of the parameter of the distribution and
propose stopping rule based on the location of pre-change parameter with respect
to Confidence Set. (ii) We use GLRT (Generalized Likelihood Ratio Test) on the
observed samples to detect the change i.e GLRT as stopping rule. We then build

algorithms based on these two approaches.

3.1 Stochastic Linear Bandit Framework

In this report, we assume that pre-change parameter is known and post-change parameter is
unknown and consider the high dimensional case (d > 1). A set of measurement devices/sensors
is used to observe the data. We use the idea of high probability confidence set, which is the
building block of Stochastic Linear Bandits [1] to define a valid stopping rule and propose
algorithms (action rules) to detect the change. The confidence set also captures the notion of
high probability control over false alarm and subject to this, the goal is to minimize the detection
delay by playing successive actions from the given action set A C R? d > 1 sequentially over

time. We also assume that the cardinality of the action set |A| > d and the action set is fixed.

We exploit the fact that the change point detection is a potential application of Stochastic

Linear Bandits in the following way:

e Each measurement device/sensor can be viewed as an arm/action characterized by a low

dimensional feature vector, z € RY.
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e The distributions before and after the change point under which the data are observed,
can be characterized by the parameter vectors, 8 € R? (known) and () € R? (belongs

to family 1) C R?) respectively.
e Rewards are the linear combinations of the observations.

e The idea of confidence set, which is the building block of stochastic linear bandits [1], can

be used to detect the change in the parameter.

The key difference between this work and other change point detection problems is that we
have control over the samples, that are being observed, by choosing the suitable actions from
the action set. The notion of reward in the case of Stochastic Linear Bandits is replaced by

observations in this framework.

Control over observations/samples: As one can see, sample X; at time ¢ is distributed

X, ~ N<<At,9t>,a2> (3.1)

By choosing different actions A; at time ¢ from the action set A, we observe samples from

as

the same distribution, but with different means, at time ¢. This gives us the control over the

samples that are being observed in a time horizon.

3.2 Algorithms

We now propose two novel approaches to detect the change point. The first approach is based on
the idea of confidence set [1] and the second approach is based on GLRT. These two approaches
define the stopping rule, which is a prescription provided to any algorithm to detect the change.
The ability to quickly detect the change depends on the algorithm, designed based on the
stopping rule.

3.2.1 Confidence Set based approach

In this section, we propose the stopping rule based on the Confidence set, which is used in
conventional Stochastic Linear Bandits [1], followed by algorithms to detect the change point,

based on the stopping rule
3.2.1.1 Stopping Rule

Let us now define a stopping rule, S, which is as follows:
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1. Build confidence set C; with é\t as the center, where é\t is the point estimate of (), such
that with high probability 6©) e C,.

2. If ) & C,, the change point has occurred before time t.
Lemma 3.1 S is a valid stopping rule

Proof: Let 9 ¢ C,. Suppose the change has not occurred before time t. This implies that,
with high probability (®) € C,, but this contradicts the fact that 0 & C,. a

3.2.1.2 Sensing Rules

Since the actual change point denoted by 7 is unknown, we may stop at time 7’ greater than 7
and hence there is a detection delay. Our goal is to keep this detection delay as small as possible.
We now propose different algorithms to play successive actions A; € A for t = 7,7+ 1...7" such
that 0 ¢ C,, and 7" — 7 is minimum.

These algorithms are then compared with random sampling which picks action one at a

time uniformly at random. The proposed algorithms are specified below.

Sensing Rule 1: One of the possible sensing rules is to look at the position of #(*) from 0,
at time t. For t < 7, we know, from stopping rule S 3.1 and construction of confidence set in
[1], that 0 lies inside confidence set with high probability.

For t > 7, the samples are drawn according to the distribution, parameterized by V), and
hence 6, is no longer estimated based on .

So, we need to choose actions successively over ¢ = 1,... such that the actions make max-
imum magnitude of projection with #© — §,. From lemma (3.1) and stopping rule S, #© will
lie inside the ellipses for ¢ < 7, with high probability, irrespective of whatever actions that we
choose until ¢ < 7. We now try to give pictorial and heuristic arguments to validate this sensing
rule. Recall that C; (2.24) is an ellipse with center as ét_l. The structure of the ellipse depends
on V; (2.22), which in turn depends on {A1, ..., A;_1} (2.23). So, action chosen at time ¢, either
shrinks or expands the ellipse C;. In order to exclude 8 as quickly as possible, we need to
choose actions successively in the direction of 0, 1 —0© i.e, in the direction where the magni-
tude of the projection of action A; at time ¢ on ét_l is maximum among all available actions at
time ¢. The direction 6, ; —0© defines the position of 9 with respect to the ellipse C,. Picto-

rial illustration of this sensing rule is given in the figure 3.1 and the pseudo-code is given below 1
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Algorithm 1: Minimum angle between é; — 60O and action A, at time ¢ (Algorithm
CS1)

Initialization: t=1,6, V; =1, = 0;
while 6 € C; do
for a € A do

| distancey,q(a) = | (a, 0, — 0©) |
end

Ay = argmaz  distance;,(a)
acA

Vi =V + A AT
if t <7 then

| X~ N((A, 00)) 62)
else

| X~ N(A, 00 0?)
end
S=5+AX,
0,=V'S
t=t+1
end

Sensing Rule 2: Another possible sensing rule is to look at the position of #(*) from the
closest boundary point of the ellipse C; at every time ¢t = 1,.... Let 6;,;, be the closest
boundary point to #°). This is time varying and changes its position as the structure of the
ellipse changes at each time ¢ which can be seen from (2.24),(2.22),(2.23). Irrespective of the
actions that we choose sequentially over time, for ¢t < 7, 8 will lie in C; with high probability,
as it is evident from the construction of confidence set C; and stopping rule S.

Following similar arguments from stopping rule 1, related to the structure of ellipse C;, in
order to exclude 0 as quickly as possible once the change point occurs, we need to choose
action in the direction of 6,,;, — 0®. That is, by choosing the action that has maximum
magnitude of projection or inner product with 6, — 0. 0, — 0°) defines the position of
9©) with respect to ellipse C;. Pictorial illustration of sensing rule 2 is given below 3.2

Finding the closest boundary point on the ellipse is the real challenge since this is a Quadrat-
ically Constrained Quadratic Programming (QCQP). However, we came up with some approx-
imation followed by an iterative procedure (Gradient Descent) to find the closest boundary

point.
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Figure 3.1: Pictorial representation of Sensing Rule 1. The blue coloured ellipse represents
the ellipse C; at time t. The red coloured arrow touching blue coloured ellipse is the action
taken at time t. Note that this is the action that makes maximum magnitude of projection or
inner product with 9 — 0,_1. The green coloured ellipse the shrunken ellipse due to action Ay,
that is picked according to Sensing Rule 1. Also, note that the center is moved due to change
inV,y to V, =Viog + 44,7

Figure 3.2: Pictorial illustration of Sensing Rule 2. The blue coloured ellipse represents the
ellipse C; at time t. The black arrow represents the projection of ) onto the surface of ellipse
Cy, which is the closest boundary point 6;,,;,- The red coloured arrow denotes the action A,
taken at time ¢ according to sensing rule 2, which makes maximum magnitude of projection or
inner product with 6;,,;, — 0. The green coloured ellipse represents the shrunken ellipse after
taking action A; at time ¢.
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Let us formulate the closest boundary point problem as constrained optimization problem

as follows:

argmin 1”9 — 9(0)}‘2 (3.2)
feRrd 2

subject to f(#) =0
where f(0') = (0 —6,)TV,(0' —6,) — 5,%,0 € R?

Let the solution to the above optimization problem be 6;,,;,

Define Lagrange function as:

L\ 0) = 516~ 0O + A0~ )7 Vi(6 — ) — 57} (33)
OL(\0)

= 0 (3.4)

— (0 —0©) = —AVf(0) (3.5)

Expressing f(6) using second order Taylor series expansion around () gives:

FO) =£O0) + (0 =0V F(0)
+5(0—69YTV(0 —69) =0 (3.6)

Approximating V f(0) ~ V() and substituting in (9)

(0 —0©) = AV F(6O) (3.7)

Substituting (3.7) in (3.6) gives

52

FOO) + 5
A=— 2 (3.8)

IV (6|3

F00) + -

Orin = 00 — ——— 2.7 £(60) (3.9)
IV F(80)][
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Since the above solution is obtained through approximation, it may or may not be present
on the ellipse. So we carry out an iterative procedure by taking equations (3.8) and (3.9) as
initial values and do gradient descent on Lagrange function L. The obtained A may be negative,
but we take absolute value of A to ensure that the Lagrange function convex quadratic. Now

L is a function of § and convex quadratic. We call this function as L'(6)

We can also verify that L'(6) is f-smooth where ¢ = ||I + 2\V;||,.
Lemma 3.2 L'(0) is (-smooth where { = || + 2\V;||,.

Proof: To verify that L' is ~smooth, we need to show that || VL'(y) — VL'(z)||, < {||ly — z||,.

VL (y)— VL (z) = (y —z) + 2A[Vi(y — 6,) — Vily — 6,)]
= (I +2\V)(y — z)
IIVL (y) = VL' (2)||, < [[(1 +22V)ll, |y — 2)]l,

O
Now, we run Gradient Descent on L' with step size parameter [13] 1 = m ie.,
Ty = 1y — VL (), with initial value 29 = 6;,,;,. The pseudo-code of the sensing rule 2

is given below.

Algorithm 2: Minimum angle between 6, . —6© and action A, at time ¢ (Algorithm
CS2)

Initialization: t=1,0 1, =1,5 = 0;

while 6 ¢ C, do
for a € A do

| distanceiyi(a) = | {a,Oumin — 0©) |

end

Ay = argmaz  distanceyy(a)
acA
Vi =V; + A AT

if t < 7 then
\ X, ~ N({A, 00, 62)
else
\ X; ~ N((A;,0M), 02)
end
S=5+AX,
0, =V,
t=t+1
end
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In stochastic linear bandits setting, by the construction of high probability confidence set
around the pre change parameter, the probability of false alarm will be small and the goal boils
down to keeping the probability of missed detection as low as possible. That is, in other words,

keeping the expected detection delay as low as possible.

3.2.2 GLRT based approach

In this section, we discuss change point detection based on Generalized Likelihood Ratio Test
(GLRT). We define stopping rule based on GLRT. GLR, specific to the problem, is given by:

Pya
max max ZIO L (3.10)

<t 6ol

We first solve the inner optimization problem in (3.10). We make an assumption that ©()

is a known convex set, specifically a half space, defined as follows:
D={0ecR? |0 <d} (3.11)

where ¢ € R? and d; € R are known. The convex set dictates the notion of “detectable” changes
i.e, what should be the minimum distance between pre-change and post-change parameter ( in
lo norm sense) so that the detection delay is finite ( < 00).

To begin with, let us define the objective function of the optimization problem to be
g, (01), where

Pya) (X5)
log A2
9y Z ol (312
— t—1
— (9(1) _ 9(0))T ZQXSAS _ (9(1) _ 9(0))T ZASAST (0(1) + 9(0)) (313)
! s 7_/

(3.13) is obtained by using (3.1)
Defining b, » and V, . as
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Vo= AAT (3.14)

After substituting b and V' in (3.13), we get the final expression of gm,(@(l)) as

Gy (00) = 20070, — 90TV, oM — 2907y 4Oy 6O (3.15)
So, the inner optimization problem in (3.10) is posed as:

0 = argmax Gy (01 (3.16)
aVeco®)

Solving (3.16) is equivalent to solving the following optimization problem:

§1 = argmin 9(1)Tvt o0 — 29(1)Tbt ¥ (3.17)
oo ’ ’

where ©) is defined as in (3.11). The above is a constrained convex optimization problem
and we solve it using the well known Lagrange multiplier.

For (3.17), Lagrange function is given by:

nT

LA 0W) = 907V, 600 — 2007, , 4 A0V — dy) (3.18)

KKT conditions for the above problem are:

L VL0005 = 0
2. \* (cTé(l) - dl) = 0 (Complementary slackness)

3. >0

(1) = 2(V, .09 —b, /) +Xc=0 (3.19)
(2) = XMW = Ny (3.20)
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using (3.19) in (3.20) we get

200)7 (b, — V, /6D)
dy

A=
Substituting (3.21) in (3.19), we get the following final expression:

(é(l))T(bt,’r/ - mrlé(l))

(Vi 01 = b, 1) + ——c=0

dy

vV
scalar

(.

(3.22) implies that (b — VAM) is parallel to c.

(b =V 00) = pe
where p € R is some scalar. Now,

o = V_l(bt,T/ — pc)

/
t,T

(3.21)

(3.22)

(3.23)

(3.24)

If Vt;}btﬁf is not the minimum to the optimization problem (3.17), then by complementary

slackness condition,
(ONTe = dy
Substituting (3.24) in (3.25), we get

T -1
bt,T/ ‘/t,‘r/c o dl

M= —
IV e
t,T

bl Vi —q
A(l) o —1 o t,m t,T
f “W;'<@f ( avie )©

Hence,

(3.25)

(3.26)

(3.27)

Note that The inverse of V, » may not exist V¢, 7' since V.. 1s the summation of rank-1
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matrices (3.14). So we solve (3.16) with regularization. That is, we solve

2
argmax gm/(ﬁ(l)) + B ‘0(1) | |2 (3.28)
o o)

where 3 > 0. Following similar steps as (3.18),...,(3.31) we get solution to (3.28) as

b VT (B)e—d
A1) -1 tm
Opp = V;,T’ (8) (bt,f’ - ( CTVt_T}(B)C ) C) (3.29)

where,
Vi (B) =V, + Blixa (3.30)

é%}i is the solution to optimization problem (3.28). We call this solution as Regularized Plug-in
Estimate (PE) of unknown post-change parameter () We now use this Regularized Plug-in
Estimate in the GLR defined in (3.10) and use GLRT as the stopping rule to detect the change.

3.2.2.1 Stopping Rule

Stopping rule is given by standard GLRT which compares (3.10) with a positive threshold.
If GLR exceeds this threshold, then we infer that the change has occurred. We use Plug-in
Estimate of ) in (3.10). Formally,

max ¢, T/(QA}QE) > h (3.31)
7_/ St b
where h is the threshold. The threshold is calculated subject to low probability false alarm.

That is, under no change scenario (6 = §(M),

P{gt,71<é§3]é> > h} ) (3.32)

where ¢ € (0,1). d defines the desired level of false alarm probability. We need to calculate the
threshold that satisfies (3.32). The exact computation of the threshold needs careful analysis of
concentration bound and hence in this report we skip the analysis and calculate the threshold
through Monte-Carlo simulation. However in Chapter 4, we will look at how we can possibly

proceed to calculate the threshold.

Having defined the stopping rule, let us now look at the sensing rule that plays successive

actions to detect the change based on the stopping rule as quickly as possible.
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3.2.2.2 Sensing Rule

In the classical change point detection problem, the pre-change and post-change parameters
are known and the asymptotic lower bound [11, 9] on the expected detection delay turns out
to be

1
/ c1 log —
EHl[T —7'] > 5

R ¢ N 3.33
~ D(Pyy, Pyoy) (3:33)

where 7 is the time at which the change is detected, 7 is the actual change point and ¢; > 0
is a constant.

The sample obtained at time ¢ depends on the action A; that is picked at time t. D(.,.) de-
notes the KL divergence. Let 7 be the probability distribution over the arms A = {A;, ..., Ak}
and let m; denote the prior on arm A; € A. The sample X; observed at time ¢, depends on the

action taken at ¢ and the action is drawn according to probability distribution 7. That is
NATO, e wp m
Xy~ (3.34)
N(ALO, o) w.p 7

where 71, ..., Tk denote the prior on the actions Ay, ..., Ax respectively and
00 ¢t <1
0 —
oM t > 7

Note: We explicitly use X, ~ N(AT0,0?) in (3.10) for s < ¢t — 1 since we have history of
actions and observations with us, observed until time ¢ — 1. This should not be confused with
(3.34).

Now, D(Pyu), Pyw)) can be explicitly written using (3.34) as follows:

K K
D(Py), Pywr) = DO miPe (i), Y Py (1)) (3.35)
=1 i=1

where Py (i) = N(ATOW 1) and Py (i) = N(ATH©) 1), Vi € [K]
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Using the convexity of D(.,.) in (3.35), we get,

E TPy () E TPy (7)

Using (3.36) in (3.33),

D(Pya (1), Py (7)) (3.36)

||Mw

, c1 log —
Enlr —7] > = o
2 iz TiD Py (1), Py (1))
In order to minimize the R.H.S of (3.37), the optimal action is to pick action A; that has
maximum D(Ppya) (i), Py (i)). In (3.37), we use Regularized Plug-in Estimate of 61V, i.e, ég?E
obtained in (3.29).

The above result follows from a hand wavy argument. One can show that (3.37) can be

(3.37)

obtained through change of measure inequality [6]. The pseudo-code is given below
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Algorithm 3: Plug-in Estimate (Algorithm PE)

Initialization: t = 1,0 ., T, ¢, d;

fort=1,...T do

for7 =1,...t—1do

b=0,V=0for s=71,...t —1 do
b=0b+ XA

V=V + AAT

end

01 = argmaxy, (W) if (g, T/(é(l)) > 1) then
oo ’
‘ change = t break

end

end

A; = argmaxD(Pya) (i), Py (7))
A;eA

if t <7 then

| X, ~ N4, 00), ¢2)
else

\ X, ~ N({A;, 00, 02)

end

end

Output: change

Plots for 1, 2 and 3 are given in the chapter 5. They are also compared with naive Random
Sampling algorithm where actions are taken uniformly at random. In chapter 5 we show this

comparison.
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Chapter 4

Calculation of Threshold in Bandit
Change Point Detection

In this chapter, we will look at directions to compute threshold in Bandit Change
Point Detection problem. The calculation is incomplete and require further atten-

tion. However let us see how can we possibly proceed.

4.1 Linear Bandit Setup

Parameter: Let 6 € R? be the parameter under which the observations are drawn before
the change point. Let 0V € ©) C R? be the parameter under which the observations are
drawn after the change point. Let 7 be the time at which () changes to "), which we call it
as the change point. Let 6; be the parameter that governs the observation at time t which is

defined as

6O, ift<r
61 otherwise

Actions: Let A C R? be the given set of actions in R%. Let A, € A be the action taken at

time t.
Observations: Let X; be the observations drawn at time t from the distribution P(X;| A, 6;)
given by P(X;| A, 0;) = N(<At, 0t>, 02), where o2 is the known variance. i.e,

X = <At:9t> + M (4.2)

where 1, & N(0, 0?)
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4.2 GLRT for Linear Bandit Setup

4.2.1 GLR
The Generalized Likelihood Ratio (GLR) for the Bandit is given by,

Pya)
max max E log 9— (4.3)
7'<t 6ol PQ(O)

We first solve the inner optimization problem in (4.3). We make an assumption that O™ is

a known convex set, specifically a half space, defined as follows:
V={0ecR?| 9 <d} (4.4)

where ¢ € R and d € R are known.
To begin with, let us define the objective function of the optimization problem to be

9, (6™M), where

P
) Py (Xs)
G Zl S X (45)

t—1
s=7'

4.6 is obtained by using (4.2).

Defining b, » and V, + as

V=3 AAT (4.7)



After substituting b and V' in (20), we get the final expression of gt’T/(H(l)) as

So, the inner optimization problem in (4.3) is posed as:

(6W) (4.9)

ég])f = argmax

OIS

Recall from (3.16) of chapter 3 that the solution to the above problem (4.9) yields (3.27)

that has V;_T}, where the inverse may not exist. So we solve (4.9) with regularization and recall

that (3.28) solves the regularized version of (4.9) and we call the solution to this problem (4.9)

as Regularized Plug-in Estimate ég}s (3.29) of 01 Recall (4.2). b
using (4.2) as:

i in (4.7) can be written,

t—1

bt,r’ = Z(Azet +1s) As

s=t'
t—1 t—1
_ (ZASA§> b+ > A
s=1' s=1'
t—1
= Vt;r’ 0; + ZASUS
s=7'

Therefore,

t—1
bt,ﬂ'/ = ‘/;,T/Qt + ZASUS (410)
5—7’/

where 6; comes from definition (4.1)

By plugging in the Regularized Plug-in Estimate ég}z in (4.8), we get,

T
9o (002) = (90— 09) v (0-09) 11 (0-02) +2

t—1
)| an

s5=T
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4.2.2 Stopping Rule

Stopping rule is given by standard GLRT which compares (4.3) with a positive threshold. If
GLR exceeds this threshold, then we infer that the change has occurred. We use Plug-in
Estimate of 1) in (4.3). Formally,

max g, - (9&)@) >h (4.12)

T'St
where h is the threshold.

4.3 Calculation of Threshold

The threshold is calculated subject to low probability false alarm. That is, under no change

scenario () = g)),

P{max 9., (é}%) > h} <6, for T =1,...t (4.13)

<t

where ¢ € (0,1). d defines the desired level of false alarm probability. We need to calculate the
threshold that satisfies (4.13). Thus we need to ‘control’ false alarm with in the desired level §

by careful calculation of threshold.

Note: Threshold h at time ¢ depends on the history at ¢ given by H; = o(Ag, Xo, ..., A1, X¢—1).

4.3.1 Towards First Step

Let us first try to see simpler version of (4.13), i.e, for fixed 7', we will try to look at
]P’{ 9y, (ég};) > h} < (4.14)
Suppose there is no change, i.e, 8, = 6, V¢t. Then the 9. (ég}g) becomes:
. t—1
9 <9§3};) - (9% - 9‘0)) {V (9@) - 9%) +2ZAsns}
s=1'

t—1 )
S S
V.
s=T' ’
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where a; = <A5, o) — 9(0)> Therefore,

“ 2
g e<0>HV | (4.15)

t—1
gtﬂ-l (egé) = 220%775 -
s=1'

-1
Let X = Zasns. Let us also assume that the regularization parameter g > 0 in (3.30) is

very small (f << 1) and approximate é}% ~ Vt;}b +, which is the solution to unconstrained

t,m

version of (4.9). This is a crude assumption since the solution thb may be close to 6 in

terms of Euclidean distance, in which case detection of the change point is difficult.

Calculation of «oy:

t—1
2 <As, Vt;} (Vtﬁ/@(o) + ZAS7]8> _ Q(O)>
s=1'
t—1
_ -1
- (v > )
s=1'
(a) is obtained by substituting the value of b from equation (4.10).

Therefore,

t—1
g = <Asa ‘QJ}ZASUS> (416)
s=t'
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2 A(1 A(1
(e (1))

<V;,T}bt,7" - 9(0)7 Vtﬂ'/ <V;,T}bt,7" N 9(0)> >
= <V‘1bm/ — 0 b, . — v0<0>) >

-1
(—)< Z sns,ZAsns>
B 2
ZAsns
s=t1

v

t, T

(a) is obtained by substituting HAS}E ~ Vt;}bm/ and (c) is obtained by substituting the value
of b, . using (4.10).

Therefore,
, t—1 2
H(1) _ p(0) _
ePE 0 HVt , - ZAsns (417)
T =1 y
t—1
The term ZASnS in (4.16) and (4.17) is the modified S; given in

t
Sy = ZAlnl
=1

But what we have in (4.16) and (4.17) is

t—1
Sir = ZAml (4.18)
I=7'
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Using (4.18), (4.16) and (4.17) in (4.14) we get the following:

p{lIs. .|

Remarks 4.1 V,  in [10, 1] is V;1(B) = Via + Blaxa, where B > 0 is reqularizer and Vi, (3)

is invertible and V, . defined in (4.19) need not be invertible always (can be made invertible by

2
vy 2 h} <6 (4.19)

introducing reqularization, with regularizer to be extremely small).

Remarks 4.2 What we have in (4.19) is a deviation bound for a fized . We need to get final
bound on (4.13), for random 7. From [1, 10], the threshold h that is used to satisfy (4.19)

/ 1 _
(r =1)is h =2log (5> + log (W L. Hence, intuitively, the approximate threshold
. maz|V, . (B)]
h to satisfy (4.19) is h = 2log <5) + log T_T , where f << 1

1| A| denotes the determinant of matrix A € R¥*4
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Chapter 5
Experiments and Observations

In this chapter, we will look at the experiments that are carried out to compare
sensing rules, Sensing Rule 1 (1) and Sensing Rule 2 (2) whose stopping rule is based
on Confidence Set, with naive Random Sampling, a sensing rule where actions are
taken uniformly at random. We also compare the performance of stopping rules i.e,
confidence set based approach and GLRT based approach under uniform sampling
rule. We finally compare Plug-in Estimate sensing rule (3) with Random Sampling

and we compare 1, 2 and 3.

5.1 Experiment 1 Setup

In this section, the histogram plots and scatter for Random Sampling and GLRT based sens-
ing rule 3, Confidence Set based sensing rules 1 and 2 are attached, for change point 7 =

100, 500, 1000. We also use fewer actions to see The following are the list of parameters used:

e Number of dimension of the pre-change and post-change parameters d = 2 and number

of arms/actions K =3%d =6

0
e Pre-change parameter 6(©) = [()]

1

e Post-change parameter §1) = \{5

V2

e Hyper-plane parameters described by its normal ¢ and intercept d; are taken to be
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and d; = —1. Hyperplane: 700 < d.

i
Sl =Sl -

1 -1
e Action set A = n \F b \_/%
10 E 1 -1 E
e Number of iterations = 100.
) maz|V, .+ ()|
Note: The threshold used is h = 2log <5> + log T , 0 = 0.01'. The exper-

iment initially set to run for fixed time instants (¢ < K') to play all arms once and get initial

estimate of 61,

In the action set, ideally action 3 which is \{§ is best action to play according to sensing

rule 3 to achieve the detection delay as low as possible. We experimentally verify that sensing
rule 3 indeed learns to pick action 3 and achieves better detection delay as compared to Random

Sampling.

Note: The challenging part of GLRT based detection is to find appropriate threshold subject
fixed low probability false alarm and we heuristically fix the threshold as given above so that
false alarm in both sensing rule 3 and Random Sampling is same and low. Also this threshold
is not time varying and it is fixed. Calculating exact threshold remains undone and the focus
will be on the same in future. The pictorial description of arms and hyper-plane is given in

figure 5.1

5.1.1 Plots corresponding to Confidence Set (CS) based approach
In this section, we will look at the histogram and scatter plots, comparing Random Sampling
rule and 1 and 2. We also compare 1 and 2.

5.1.2 Plots corresponding to GLRT based approach

In this section, we will look at the histogram and scatter plots, comparing Random Sam-
pling rule and 3. We also look at histogram plot of arms that are pulled during the series of

episodes(runs).

1| A| denotes the determinant of matrix A € R4*4
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Figure 5.1: Description of action set and hyper-plane in the experiment setup 1. Red vector
illustrate action 3 in the action set A. c¢ is the normal to the hyper-plane. Purple coloured
vectors represent actions which are perpendicular to the direction ) — #(©). Blue vectors
represent standard basis vectors in R2%. The brown coloured line represents the hyper-plane
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Figure 5.6: Scatter plot comparison of Algorithm PE 3 and Random Sampling with respect
to stopping time. Orange dots represents Algorithm PE 3 and blue dots represents Random
Sampling
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5.2 Comparison of Confidence Set (CS) and GLRT based

approaches

In this section, we will look at comparison of CS and GLRT based approaches. Towards this, we
first compare (both histogram and scatter plots are attached for better visualization) Random
Sampling rule, whose stopping time is based on CS and GLRT. We experimentally verify that
GLRT stopping rule is quickest (optimal in this sense) in terms of detection delay. We then
compare Algorithm PE 3 against Algorithm CS1 1 and Algorithm CS2 2. We see that, via
experiment, Algorithm PE is quickest in terms of detection delay as compared to Random
Sampling rule, Algorithm CS1 1 and Algorithm CS2 2.
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Figure 5.8: Histogram plot comparison of Random Sampling rule with CS and GLRT as stop-
ping rules. Blue bar represents Random Sampling rule with GLRT as stopping rule while
orange bar represents Random Sampling rule with CS as stopping rule. Horizontal axis repre-
sents stopping time and vertical axis represents frequency of stopping. CS denotes Confidence
Set.
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Figure 5.9: Scatter plot comparison of Random Sampling rule with CS and GLRT as stopping
rules. Blue dots represent Random Sampling rule with GLRT as stopping rule while orange
dots represent Random Sampling rule with CS as stopping rule. Horizontal axis represents
episodes and vertical axis represents stopping time. CS denotes Confidence Set.
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Chapter 6
Summary

To conclude, we have proposed novel change point detection procedures by introducing con-
trolled sensing of samples. We call this controlled sensing of samples followed by change detec-
tion procedure as bandit change point detection. We introduced two stopping rules to detect
the change in the distribution, namely Confidence Set based stopping rule and GLRT based
stopping rule. Based on these stopping rules, we proposed algorithms/sensing rules to detect
the change based on the stopping rule. We also looked at the calculation of threshold, though
incomplete but provided some insights as to how one can proceed to calculate threshold in
GLRT based approach in bandit change point detection problem. We have also seen a experi-
mental demonstration of proposed stopping rules and sensing rules and observed the following

inferences from the plots.

6.1 Inference from the plots
In this section we shall list out some of the inferences from the plots

e Figures 5.8 and 5.9 show that GLRT based stopping rule is quickest in terms of detection
delay (the difference between stopping time and actual change point) as compared to

Confidence Set based stopping rule, for increasing change point, 7.

e Given GLRT based stopping rule, sensing rule 3 is quickest as compared to random

sampling.

e Also, sensing rule (Algorithm PE) 3 is quickest as compared to sensing (Algorithm CS1
and Algorithm CS2) 1 and 2.

e Figure 5.7 shows that the sensing rule (Algorithm PE) 3 plays the “best” action , action

3 in the action set A and detects the change point quickly as compared to Random

o4



Sampling. The theoretical lower bound (3.37) infers that the detection delay is minimum
if we play action that has least KL divergence between post-change parameter 81 and
6. We insert Plug-in Estimate of ) each time and the estimate improves if we take

more samples.

In future work, a more concrete threshold calculation needs to be done and we need to look

at the upper bound on the detection delay with GLRT as the stopping rule.
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