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Introduction



• Change Point: Time (Discrete) at which the probability
distribution of the stochastic process changes.

• Formally,

X1,X2, . . . ,Xτ−1
i.i.d∼ Pθ(0)

Xτ ,Xτ+1, . . .
i.i.d∼ Pθ(1)

τ is the change point, θ(0) and θ(1) are called pre-change
and post-change parameter respectively

Goal
Detect the change in the distribution as quickly as possible

Classical Change Point Detection
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Existing Work
• Setting: Both pre-change and post-change parameter are

known.
• Stopping rule: Likelihood Ratio Test.
• Sub-versions: Multiple change points, replacing i.i.d

assumption with Markovian, etc.

• Setting: Both pre-change and post-change parameter are
unknown [14].
• Stopping rule: Generalized Likelihood Ratio

• In classical change point detection, no sampling rule is
devised.

What if there is a notion of sampling rule?

Classical Change Point Detection
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Bandit Change Point
Detection



• Let X1,X2, . . .
i.i.d∼ Pθt be the observations, observed

sequentially.

θt =

{
θ(0), if t < τ

θ(1), otherwise

θ(0) ∈ Rd is known and θ(1) ∈ Θ(1) ⊆ Rd is unknown
• Actions: A ⊆ Rd→ given set of actions in Rd

• Observations(Linear): P(Xt|At, θt) = N
(〈

At, θt

〉
, σ2
)

,

σ2 → Variance (Known)

Note
Action At controls the observation received at time t as
Xt = 〈At, θt〉+ ηt, ηt

i.i.d∼ N (0, σ2)

Problem Setup
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• Problem: θ(0) changes to θ(1) ∈ Θ(1) ⊆ Rd at an unknown
time τ .
• Assumption: Θ(1) = {θ ∈ Rd | cTθ ≤ d1}

Problem Setup
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Hypotheses:
H0 : X1,X2, . . .

i.i.d∼ Pθ(0)

v.s

H(τ)
1 : X1,X2, . . . ,Xτ−1

i.i.d∼ Pθ(0)

Xτ ,Xτ+1, . . .
i.i.d∼ Pθ(1)

False alarm control: PH0

[
τ ′ <∞

]︸ ︷︷ ︸
false alarm probability

≤ δ, δ ∈ (0, 1)

Goal:
min EH(τ)

1
[τ ′ − τ ]

s.t PH0

[
τ ′ <∞

]
≤ δ

where τ ′ = stopping time of an algorithm and τ = change point

Problem Setup
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Algorithms



• Algorithm consists of two parts:
• Stopping rule: Specifies condition to stop
• Sensing rule: Adaptively pick actions to quickly detect the

change based on stopping rule

• Algorithms are classified based on stopping rule.

• Two novel algorithms
• Confidence Set based approach
• GLRT based approach

Algorithms
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Confidence Set Approach



Stopping rule ‘S’

Build confidence set Ct with θ̂t as the center, where θ̂t is the
point estimate of θ(0), such that with high probability, θ(0) ∈ Ct.
If θ(0) 6∈ Ct, then the change point has occurred before time t.

Lemma
‘S’ is a valid stopping rule

Proof.
Let θ(0) /∈ Ct. Suppose the change has not occurred before time
t. This implies that, with high probability θ(0) ∈ Ct, but this
contradicts the fact that θ(0) 6∈ Ct.

Stopping Rule (Based on Confidence Set)
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• Ct =

{
θ ∈ Rd :

∣∣∣∣∣∣θ − θ̂t−1

∣∣∣∣∣∣
Vt−1
≤ βt

}
• β2

t = 2 log

(
1
δ

)
+ log

(
|Vt−1 (λ) |

λd

)
• θ̂t = V−1

t

t∑
s=1

AsXs, Vt = V0 +

t∑
s=1

AsAT
s ,V0 = λId×d.
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Intuition for a Sensing Rule

Exclude θ(0) from the confidence set as early as possible, once
the change θ(0) to θ(1) has occurred.

• Play successive actions, At ∈ A , for t = τ, τ + 1, . . . , τ
′
,

such that θ(0) /∈ Cτ ′ and τ
′ − τ is as low as possible.

τ = change point and τ
′

= sensing rule’s stopping time.

Sensing Rules
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• Play At ∈ A such that angle between θ̂t − θ(0) and At is
minimum among all actions in A

θ̂t−1

θ(0)

θ̂t

Sensing Rule 1
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• Play At ∈ A such that angle between θtmin − θ(0) and At is
minimum, where θtmin = closest boundary point of θ(0)
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θ̂t

Sensing Rule 2
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GLRT based approach



• GLR is given by

max
τ ′≤t

max
θ(1)∈Θ(1)

t−1∑
s=τ ′

log
Pθ(1)(Xs)

Pθ(0)(Xs)

• Assumption: Θ(1) = {θ ∈ Rd | cTθ ≤ d1}
• Solve inner optimization problem:

max
θ(1)∈Θ(1)

t−1∑
s=τ ′

log
Pθ(1)(Xs)

Pθ(0)(Xs)

GLR
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• Defining

gt,τ ′ (θ
(1)) =

t−1∑
s=τ ′

log
Pθ(1)(Xs)

Pθ(0)(Xs)

• Final expression for gt,τ ′ (θ
(1)):

gt,τ ′ (θ
(1)) = 2θ(1)T

bt,τ ′ − θ
(1)T

Vt,τ ′θ
(1) − 2θ(0)T

bt,τ ′

+ θ(0)T
Vt,τ ′θ

(0)

• bt,τ ′ and Vt,τ ′ are defined as follows:

bt,τ ′ =

t−1∑
s=τ ′

XsAs Vt,τ ′ =

t−1∑
s=τ ′

AsAT
s

Inner Optimization Problem
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• The inner optimization problem is posed as:

θ̂(1) = argmax
θ(1)∈Θ(1)

gt,τ ′ (θ
(1))

• The above is same as

θ̂(1) = argmin
θ(1)∈Θ(1)

θ(1)T
Vt,τ ′θ

(1) − 2θ(1)T
bt,τ ′

• Solution:

θ̂(1) = V−1
t,τ ′

bt,τ ′ −

bT
t,τ ′

V−1
t,τ ′

c− d1

cTV−1
t,τ ′

c

 c



Contd . . .
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• Note: The inverse of Vt,τ ′ may not exist ∀t, τ ′

• Hence we solve:

argmax
θ(1)∈Θ(1)

gt,τ ′ (θ
(1)) + β

∣∣∣∣∣∣θ(1)
∣∣∣∣∣∣2

2

where β > 0.
• Solution:

θ̂
(1)
PE = V−1

t,τ ′
(β)

bt,τ ′ −

bT
t,τ ′

V−1
t,τ ′

(β)c− d1

cTV−1
t,τ ′

(β)c

 c


where,

Vt,τ ′ (β) = Vt,τ ′ + βId×d

Regularized ML Estimate
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• Stopping rule is given by GLRT i.e,

max
τ ′≤t

gt,τ ′
(
θ̂

(1)
PE

)
≥ ht

where ht is the threshold
• The threshold is calculated subject to low probability false

alarm. That is, under no change scenario (θ(0) = θ(1)),

P
{
∃t ∈ N : max

τ ′≤t
gt,τ ′

(
θ̂

(1)
PE

)
≥ ht

}
≤ δ

where δ ∈ (0, 1).

Stopping Rule
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• For fixed τ
′

P
{

gt,τ ′ (θ̂
(1)
PE ) ≥ ht

}
≤ δ

• Suppose there is no change, i.e, θt = θ(0), ∀t. Then the
gt,τ

′ (θ̂
(1)
PE ) becomes:

gt,τ ′ (θ̂
(1)
PE ) = 2

t−1∑
s=τ ′

αsηs −
∣∣∣∣∣∣θ̂(1)

PE − θ
(0)
∣∣∣∣∣∣2

V
t,τ ′

where αs =

〈
As, θ̂

(1)
PE − θ

(0)

〉

Approximate Calculation of Threshold
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• Approximation: θ̂(1)
PE ≈ V−1

t,τ ′
bt,τ ′ (β � 1)

• Then αs is given by

αs =

〈
As,V−1

t,τ ′

t−1∑
s=τ ′

Asηs

〉

•
∣∣∣∣∣∣θ̂(1)

PE − θ
(0)
∣∣∣∣∣∣2

V
t,τ ′

is given by

∣∣∣∣∣∣θ̂(1)
PE − θ

(0)
∣∣∣∣∣∣2

V
t,τ ′

=

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

t−1∑
s=τ ′

Asηs

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
2

V−1
t,τ ′

Contd . . .
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P
{∣∣∣∣St−τ ′

∣∣∣∣2
V−1

t,τ ′
≥ ht

}
≤ δ

where

St−τ ′ =

t−1∑
l=τ ′

Alηl

and ht is the threshold

Contd . . .
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• The above calculation is only for fixed τ
′

• From [1, 12], the threshold ht (τ
′

= 1) is

ht = 2 log

(
1
δ

)
+ log

(
|V1,t−1 (β) |

βd

)
• Hence, intuitively, the approximate threshold ht is

ht = 2 log

(
1
δ

)
+ log

max
τ ′≤t

|Vt,τ ′ (β) |

βd

, where β � 1

Remark on Threshold Calculation
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In the classical change point detection problem, the pre-change
and post-change parameters are known and lower bound [13,
10] on the expected detection delay turns out to be

EH1 [τ
′ − τ ] ≥

c1 log
1
δ

D(Pθ(1) ,Pθ(0))

D(., .) denotes KL divergence, c1 > 0
Given θ(1), any possible sensing rule?

Classical Lower Bound on Detection Delay

29/50 Braghadeesh BCPD



• First step: Analyse a randomized and non-adaptive
sensing rule that picks action according to distribution π
• π = (π1, . . . , πK), πi denotes prior on action Ai ∈ A
• Sample Xt

Xt ∼


N (AT

1 θt, σ
2) w.p π1

...
N (AT

Kθt, σ
2) w.p πK

• KL divergence

D(Pθ(1) ,Pθ(0)) = D

(
K∑

i=1

πiPθ(1)(i),
K∑

i=1

πiPθ(0)(i)

)

Devising Sensing Rule
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• Pθ(1)(i) = N (AT
i θ

(1), σ2) and Pθ(0)(i) = N (AT
i θ

(0), σ2),
∀i ∈ [K]

• Using the convexity of D(., .):

D

(
K∑

i=1

πiPθ(1)(i),
K∑

i=1

πiPθ(0)(i)

)
≤

K∑
i=1

πiD(Pθ(1)(i),Pθ(0)(i))

• Finally,

EH1 [τ
′ − τ ] ≥

c1 log
1
δ∑K

i=1 πiD(Pθ(1)(i),Pθ(0)(i))

Contd . . .
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• So, the optimal action is to pick action Ai that has
maximum D(Pθ(1)(i),Pθ(0)(i)).

• We use regularized plug-in estimate of θ(1), i.e, θ̂(1)
PE

Sensing Rule

Pick action At at time t that maximizes D(P
θ̂
(1)
PE

(i),Pθ(0)(i)), i ∈ A

and update θ̂(1)
PE , ∀t ∈ [T]

Sensing Rule
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Algorithm 1: Plug-in Estimate (Algorithm PE)

Initialization: t = 1, θ(0), η,T, c, d;
for t = 1, . . .T do

for τ
′

= 1, . . . t− 1 do
b=0,V=0 for s = τ

′
, . . . t− 1 do

b = b + XsAs
V = V + AsAT

s
end
θ̂(1) = argmax

θ(1)∈Θ(1)
gt,τ ′ (θ

(1)) if (gt,τ ′ (θ̂
(1)) > η) then

change = t break

end
end
At = argmax

Ai∈A
D(Pθ(1)(i),Pθ(0)(i))

if t < τ then
Xt ∼ N (〈At, θ

(0)〉, σ2)
else

Xt ∼ N (〈At, θ
(1)〉, σ2)

end
end
Output: change

Sensing Rule
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Numerical Results



• Number of dimension of the pre-change and post-change
parameters d = 2 and number of arms/actions
K = 3 ∗ d = 6

• Pre-change parameter θ(0) =

[
0
0

]

• Post-change parameter θ(1) =


1√
2

1√
2


• Hyper-plane parameters described by its normal c and

intercept d1 are taken to be

c =


1√
2

1√
2

 and d1 = 1. Hyperplane: cTθ(1) ≥ d1.

Experiment Setup
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• Action set A =

0 1
1√
2
−1 1

−1√
2

1 0
1√
2

1 −1
−1√

2


• Number of iterations = 100.

• Threshold, ht = 2 log

(
1
δ

)
+ log

max
τ ′≤t

|Vt,τ ′ (β) |

βd

,

δ = 0.01, β = 0.0001.

Experiment Setup
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Figure: Description of action set and hyper-plane in the experiment
setup 1.

Arm Set
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Figure: Histogram plot comparison

Plots (Comparing CS and GLRT) I
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Figure: Histogram plot comparison

Plots(Comparing Sensing Rules)
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Figure: Histogram plot comparison

Plots(CS) I
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Figure: Histogram plot comparison

Plots(CS) II
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Figure: Histogram plot comparison

Plots(GLRT)
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Figure: Arms pulled by Sensing Rule 1 and Random Sampling

Sensing Distribution
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Summary



• Figure 2 shows that GLRT based stopping rule is quickest
in terms of detection delay (the difference between
stopping time and actual change point) as compared to
Confidence Set based stopping rule, for increasing change
point, τ .
• Given GLRT based stopping rule, sensing rule Algorithm

PE is quickest as compared to random sampling.
• Also, sensing rule Algorithm PE is quickest as compared to

sensing rules Algorithm CS1 and Algorithm CS2.
• Figure 7 shows that the sensing rule Algorithm PE plays the

“best" action , action 3 in the action set A and detects the
change point quickly as compared to Random Sampling.

Summary (Inference from Plots) I
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